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Basic Engineering Physics (PHY 101/201)
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Physical Quantity Derived unit Symbol
Area square meter m>
Volume cubic meter or litre m° or 1
Force newton N
Pressure and Stress pascal Pa(or N /mz)
Work, Energy, Heat joule ]
Power watt A
Moment of inertia kgm? I
Torque Nm T
Specific heat capacity | ]/ (kg k) c
Thermal conductivity W/ (k) k
Luminance lux Ix
Luminous flux lumen Im
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CHAPTER

Simple Harmonic Motion

L

1.1 INTRODUCTION

—— e —

The simple harmonic motion is a special case of the generalized periodic motion. In our daily life we come
across numerous things. We can classify them into two categories. The bodies which remain at rest with
respect to us and the bodies which move with respect to us. The motions of all moving bodies can be catego-
rized into two categories, namely, (i) the motion in which the body moves about a mean position (i.e., fixed
point), and (ii) the motion in which the body moves from one place to another with respect to time. The first
category of motion is called periodic motion while the second one is called translatory motion.

A moving bus, a flying aeroplane, a moving football, etc., are examples of translational motion while the
motion of a simple pendulum, a spring-mass system, vibrations of a stretched string, etc., are examples of
periodic motion.

Sometimes both the categories of motion can be observed in the same phenomenon depending on the
observer’s point of view. The waves in the sea appear to us to move towards the beach but the water moves
up and down about a mean position. When someone displaces a stretched string, the displacement pulse trav-
els from one end to the other end of the string but the material of the string vibrates about a mean position
without getting itself translated forward. The periodic motion in which the concerned body moves in a
straight line is known as simple harmonic motion.

1.2') RELATION OF SIMPLE HARMONIC MOTION WITH CIRCULAR
| | MOTION

Simple harmonic motion (i.e., oscillation) is a special case of circular motion. To understand this relationship,
let us discuss this with the help of a diagram. Figure 1.1 shows that PAB is a circle with its centre at C. Let
us assume that P is a moving point on the circumference of the circle PAB. At time t = 0, it was at the point
O and it has taken ¢ units of time to reach the position P. So, the angle made by it with the line CO is 8= ot
where @ is the uniform angular velocity of the particle. Let us drop a perpendicular PM from the point P to
the diameter YY"’ of the circle. So, the point M also will be a moving point. While P will make an angle of 27
radian (6 = 360°), the point M will make a complete oscillation. That is, when P will start moving from O
towards the point P, M will start moving from C towards the point M. M will make a complete oscillation by
moving from Cto Y, then from Y to Y”and lastly from ¥”to C during the time when P will make one complete
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Fig. 1.1  Graph of simple harmonic oscillation along with its reference circle.

revolution on the circumference of the said circle by making an angular displacement of 8= 2. If one plots a
graph of y against #, then one will get the graph OP‘DEF. The circle along which the point P moves is called
the reference circle. From Fig. 1.1 we can write,

M—C=z=ein9
cp a ’
or, y=asin 0 ‘ ..(1.1)

Equation (1.1) represents the oscillation (i.e., vibration) of thé moving particle M on the straight path YCY”
while the other moving particle P circulates on the circumference of the circle OPABRO.

Now if we consider M as our simple harmonic oscillator, we can consider P as the reference point which
circulates uniformly on the reference circle with an angular velocity @. If P remains at R instead of O, at ¢
= 0, then the reference point P will start moving from the point R instead of the point O. In that case we can
represent the motion of M by the following equation

y=asin (8 + d) ...(1.2)

So Eq. (1.2) represents the generalized equation of a simple harmonic oscillator. If now, we put 6 = wr,

then we can write Eq. (1.2) as
y = a sin (wt + ) ...(1.3)

CM (=y) is called the displacement of the oscillator M, i.e., the vibrating particle. The displacement of

a vibrating particle at any instant of time can be defined as its distance from the mean position of rest. In

this case, C is the position of rest of the oscillating particle M. The maximum displacement of a vibrating
particle is called its amplitude of vibration.
The instantaneous displacement y is given by,
y=asin (0+ d)
or, y=asin(wt+6) ..(1.3)
where & is the initial phase of the oscillator and a is the amplitude
Ymax =4
The rate of change of displacement is called the velocity of the vibrating (i.e., oscillating) particle.
-. velocity, U= % =a @ cos (wt + 0) " (14)
The rate of change of velocity of an oscillating particle is called its acceleration.
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. the acceleration is given by,

_d . _d
f—dt(v)—d[z(y)

= —aw’ sin (0t + J)
ot f=-aw®sin (wt + ) . ..(1.5)
where frepresents the acceleration of the oscillating particle.
Now using Eq. (1.3) we can write the Eq. (1.5) as follows:

f=—mzy ..(1.6)
i dy : i Y. .
At the extreme positions, where y is maximum, the velocity v = 7': =0 and the acceleration f= ;; is maxi-

mum and it is directed towards the mean position. The returning force induces a negative velocity at the point
of return. When the displacement y becomes zero, the velocity v becomes maximum and when the velocity v
becomes zero, the acceleration becomes maximum in magnitude. The returning force again induces a veloc-
ity in the opposite direction. It becomes maximum when the displacement again becomes zero. The particle
overshots the mean position due to its velocity. The process repeats itself periodically. Thus, the system

vibrates. And in this way, displacement y, velocity v and acceleration f continuously keep on changing with
respect to time.

Thus, the velocity of the vibrating particle becomes maximum (either in the direction of CY or that of
CY") at the mean position of rest and it becomes zero at the extreme positions of vibration. The acceleration
of the particle becomes zero at the mean position of rest and it becomes maximum at the extreme positions
of vibration. And the acceleration is always directed towards the mean position of rest and it is also directly
proportional to the displacement of the vibrating particle. So, we can define simple harmonic motion as
follows: It is such a motion where the acceleration is always directed towards a fixed point (i.e., mean
position of rest) and is proportional to the displacement of the oscillating particle.

Again, acceleration f is given by
]

dy
f= > == a)zy

dr

acceleration = — (angular velocity)? x displacement
; leration -
locit 2 = L . .
or, angular velocity displacement (considering the magnitude only)
or angular velocity = acceleration
, ® displacement

It implies that,
angular velocity = acceleration
displacement
Symbolically, we can write,

w=2nv= g where v is the frequency of oscillation.

%T” = \g, where T is the time period of vibration

Yy
Or, ' T=27[J:
f

or,
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or, T=2xk

where k is the displacement per unit acceleration.

}‘-1‘.3; DIFFERENTIAL EQUATION OF SIMPLE HARMONIC MOTION

Let us consider an oscillating particle which is executing simple harmonic motion. The general equation of
its displacement is given by,

y =asin (wt + d)
where y is the displacement and a is the amplitude and § is the phase (or epoch) of the oscillating particle.
Now, differentiating Eq. (1.3) with respect to time ¢, we get,

dy

— =aw cos (! +
o (wt+6)

dy
Here E (= v) represents the velocity of the particle.

-(1.3)

. dy i
Again, differentiating E‘} with respect to time ¢, we get

d*y ,
— =—aw"” sin (ot + )
dt

But, we know that y = a sin (@t + &)
dy
dr*)

dy \
or, ¢y + a)zy =0 (1.7)

2
The second derivative —f represents the acceleration of the oscillating particle. Equation (1.7) represents
dr

the differential equation of simple harmonic motion.
In any phenomenon, where an equation similar to Eq. (1.7) is obtained, the related body executes simple
harmonic motion (SHM). The general solution of Eq. (1.7) is given by
y =asin (ot + 6)
One can also calculate the time period of oscillation of Eq. (1.7),

_ d*yldr?
Numerically, W= ¥

_ Iacceleration

- Ndisplacement

displacement
o 2 _ g displacement
@ acceleration

1.4 . VARIOUS CHARACTERISTICS OF SHM

e m—

or,

When one particle executes simple harmonic motion, one can observe the following characteristics in its
motion:
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Simple Harmonic Motion 1.5

(a) The motion is periodic as well as oscillatory,

(b) The restoring force acting on the particle (and hence the acceleration) is directly proportional to the
displacement of the particle and directs oppositely to the displacement measured from the mean
position. '

(c) The acceleration of the oscillating particle is always directed towards the mean position of its path.
(d) The motion of the simple harmonic oscillator (SHO) always takes place in a straight line.

sh1 -5 | SOLUTION OF THE DIFFERENTIAL EQUAT!ON OF SHM

Lety = ge”. Now differentiating y with respect o t, we get,

d

E)ri = oae™

d’y )
or, — = & (ae™) = oy

dr*

Now, substituting this value in Eq. (1.7), we get,
o’y + 0%y =0

or, o = - w?
or, a=%iw wherei=v-1

So, y=ae'™ or y=ae
Hence, the general solution is given by

y =a| e+lw!+a2 e—lﬂ)l

.(1.8)
where a, and a, are arbitrary constants.

Yy =a, (cos @t + i sin wt) + a, (cos w! —i sin wt)

[ve¥=cos @+isin Band ¢ = cos 6 sin 6]

or, y =(a; + a,) cos wt + i (a, — a,) sin ot
or, y =acos ot + b sin @t ...(1.9)
where a = (a, + a,) and b = i(a, — a,)
Let us now replace a and b by ¢ and § where a = g cos §and b =g sin §
=TT
and 0= tan'l( f‘;)
Now, putting these values of a and b in Eq. (1.9), we get,
y = ¢ cos 8¢cos @t + g sin & sin !
or, y =g cos (i - 9) ..(1.10)
Hence, Eq. (1.10) represents the general solution of the differential equation
2
-6-12 + wzy =0
dr’
The maximum value of the displacement y is given by
Ymax =4

g is known as amplitude of the simple harmonic motion.
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If T be the period of oscillation, the same displacement repeats after an interval of time 7, i.e.,

Y =y:+ T
or, acos(wWt—90)=acos {@w({+T) -5}
or, a cos (wt - 8) = a cos {(wt - d) + wT)
or, cos (wt — 8) = cos {(wr - d) + wT}
Hence, T =2x
_2r
T"c_o' ..(1.10)
or, w= 21—7? [@ is angular velocity]
The frequency of SHM is given by
1l _ o
== (111
v T 2r ( )
Att=0,y=acos §
8=cos! (%)

The variable & is known as the initial phase or epoch.

1.6 VELOCITY AND ACCELERATION OF THE PARTICLE EXECUTING

The displacement (y) of a particle, which executes simple harmonic motion, at any time 7 is given by the fol-
lowing generalized equation,

y =a sin (@t + )
. the velocity of the particle, v is given by

1y
vziT‘::aco cos (w! + 0) .(1.12)

When the particle reaches its mean position, the phase 6 =0

. D
v =aw cos (o) =*aw V1 — sin® @t

Y’
or, v=xaw I——_,

a
2 2
v=+®\a -y~ where @ =2xnv

When the particle is at its mean position, we get y = 0, so in this position the particle velocity is maximum
and it is given by
Vg == A0
And at either of the extreme positions (i.e., y =+ a), velocity becomes minimum and it is given by
Upin =0

From Eq. (1.12), we get
' v =aw cos (Wt + O)
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-~ the acceleration of the particle is given by

f=%=—-aa)2 sin (wt + 6) .(1.13)

When the particle is at its mean position, we get §= 0, so in this position the acceleration of the particle is
given by .
f=—aw’sin ot
or, f=—0% [+t=0and §=0=>y=asin o]
So, when the particle is at its extreme position, y = a and the magnitude of the acceleration is given by
finax =a@*  [It is maximum)
And when the particle is at its mean position, y = 0 and the magnitude of the acceleration is given by
Jmin =0 [It is minimum]
1.7 | ENERGY OF A PARTICLE EXECUTING SHM AND LAW OF
.~ | CONSERVATION OF ENERGY

When a particle executes simple harmonic motion, it possesses both kinds of mechanical energy, namely
potential and kinetic energy at any instant of time.

Kinetic Energy (E) In case of a particle of mass m and velocity v which is executing SHM, the kinetic
energy 1s gwen by

El' =%iﬂvz
But, _ y=asin (wt + J)

2

dy y
=—=qg®cos (Wt+ ) =rtawil-—=
v » ac ( 9] 2

2 2
or, v=t@Va -y

PRRRTETY Ek=—2-rnw (@-y) . -(1.14)

Potential Energy (Ep) In case of a particle of mass m and vclocnty v which is executing SHM, the poten-
tial energy is given by

E, = j (moy) dy=%mw2y2 . (L15)

Because the potential energy of an oscillating particle at any instant of time can be calculated from the
total amount of work done in overcoming the effect of the restoring force, in this case the restoring force is

given by,
F=—mw%
When the particle comes to an extreme point, its kinetic and potential energies become
E; = Eyiny =0
212 2 .o
and E, = Epgax =5 m0"a [+y=ad]

Similarly, when it is at the mean position, its kinetic and potential energies are given by
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1 2 2

and E=E., ..=0
L p p{min) . .
So, the kinetic energy is maximum when the potential energy is minimum and vice versa.
Total Energy At any instant of time, the total energy of the oscillating particle is given by,
E = Ek + Ep

or, A E= % me?* (a* = y*) + % rrzw2y2

o, E= % ma*w? = 272 ma® v -..(1.16)

»m

E=E,+E,
E =constant where @ =2nv
Hence, we can conclude that in case
of simple harmonic oscillation the total
energy is conserved. And it is propor-
tional to the square of the amplitude of

oscillation. The energy distribution of
a simple harmonic oscillator has been

Y

. " .. - +3
shown in Fig. 1.2. Both kinetic and poten- . ~a © y
tial energies have been plotted against Fig. 1.2 The energy distribution curve of an SHO. y is
displacement. displacement, E, is potential energy and E|, is the kinetic energy.

1.8 SUPERPOSITION OF WAVES

It is an experimental fact that two or more waves can traverse through the same space independent of each
other. For this reason, the displacement of any particle at a given instant of time is simply the sum of the
individual displacements, this process of vector addition of the displacement of a particle is known as

superposition.

Principle of Superposition If the wave equations governing the wave motions are linear, the
displacement of any particle, at a particular instant of time, is simply the algebraic sum of the individual
displacements due to the different waves.

1.8.1 Superposition of Two Collinear SHMs of Frequency v

Let two collinear simple harmonic motions be represented by the following two equations,
¥, =da, cos (@t — @)
and Yo =ty cOs (W1 = ¢,) _
where y, and y, are instantaneous displacements, @, and a, are the amplitudes, the @ (= 27v) is, the angular
velocity and ¢, and @, are the phases. The resultant amplitude at any instant of time is given by,

y=y1t»
or. y =a, cos (@t — ¢;) + a, cos (Wt — ¢,)
or, y =@ €os w1 cos ¢ + a sin ! sin ¢; + a, sin wt cos ¢, + a, sin wt sin o,
or. y =(a, cos ¢, + a, cos @,) cos @t + (a, sin §, + a, sin ¢,) sin wr
Now, putting A cos ¢ =a, cos @, +a, cos @,
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and A sin ¢ = a, sin ¢, + a, sin ¢,
where A and ¢ are two constants and given by,

2 : : 2
A= *J(a| cos @, +a, cos ¢,)" + (a, sin ¢, + a, sin §,)

or, A =‘Jﬂ|2+022+2a| alcOS (¢l —¢2)
a, sing, + a, sin

and 0= tan~Y ! ¢, 2 )
@, cos ¢, + a, cos ¢,

Y =Acos ¢ cos Wt + A sin ¢ sin ¢
or, y =A cos (@t - ¢) (1.17)

Thus, it is observed that the resultant motion is also a simple harmonic motion having the same component
motions '

Special Cases
(@) If ¢, = ¢, then A =a,+a,
(®) If ¢, ~ ¢, = Z then A = a7 + a3

(c) If ¢~ ¢,=mthenA=aqa, ~a,
(d) If ¢, ~ ¢=mand a; =a, then A =0, i.e., the two SHMs destroy each other.
If instead of two SHMs, there remain several motions of different amplitudes and phases but of the same

. . 2 . o -
time period T (: EE) then the resultant motion can be obtained in the same process. In such cases we will

get

y =Y +y'_’ +y3+ was +yu

or, ' - Yy =a,cos (0f - ¢) + a, cos (wr — ¢,) + a; cos (cor—¢>3)‘+ o ta,cos(wt—¢,)
or, y =(a; cos ¢, + a, sin ¢, + ay cos ¢y + ... + a, cos ¢,) cos Wt ‘

+(a, sin ¢; +a, sin ¢, sin ¢y + ... + a, sin ¢,) sin r
or, y=Acos(wt—¢) ..(1.17)

2

where A =\}(§. a; cos ¢,-)2 + (i a; sin ¢,—)
i=1 i=1

n
2 a;sin ¢,
, |
and ¢ = tan =

2 a; cos ¢;
i=1

1.8.2 Superposition of Two Mutually Perpendicular SHMs of Frequency v

Let us consider two SHM:s of amplitudes a, and a, having same angular velocity @ (=
tively along x- and y-axes.

Then their amplitudes can be represented by,
x =a, cos (et - ¢;)
and y = a, cos (of — ¢,)

27 v) which act respec-
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Now, we can write,
lz = cos (wt — ¢,)

a

=cos {wt— @) + (¢, — ¢,)}

or, ;—; = cos (@t — ¢,) cos (¢, — ¢,) — sin (@t — ¢,) sin (@, — $,)
y 2\
or, a =ail cos (9, — 9,) — (l - ;%') sin (¢, — ¢2)

or 3’——i-cos(¢~¢)=— l—ﬁ sin (¢, — ¢,)
’ & @ 17 ¥2 a?

—

Squaring both sides of the equation, we get

2
_y_2 + ﬁ"} cos” (¢ — ¢,) - aZ\g cos (¢ — ¢,) = (1 __xz) sin® () — ¢2)
" a; a 2 4
2
or, y_z'“' aillxzz cos (¢, — ¢,) + x_-_, {cos? (§; — ) + sin® (9 — $)) = sin’ (¢, — ¢2)
a, a
- 2
o, Y2 o5 (g— g+ 3"—2 = sin? (9, — ¢)
a; “172 a
or, 2—%—2‘:}‘;2 cos ¢+;x—%-=sin2¢ ...(1.18)
where d=¢,— ¢,

Equation (1.18) is a general equation of an ellipse bounded within a rectangle with sides 2a; and 2_a2. Thus
the resultant motion (having combined two mutually perpendicular SHMs) is represented by an ellipse. Let
us now consider the special cases of this generalized motion.

Case 1 If ¢,—¢,=0o0r ¢=0thensinp=0andcos ¢= 1
.. Eq. (1.18) gets reduced to

2 '
_x_z_ .y_ -2 i =0
“aa
a3 as 4142 -
x Y\ _ 0a
or, — =] = ,
a 4a;
a;
or, = EI' X
. .. ¥
This represents a straight line passing through the origin : |
< 2a 3
| 1

a
. . . -172 i
i n anele of inclination & = tan™ —- to the x-axis i
and making an ang a, Fig. 1.3 The resultant vibration of two
(Fig. 1.3). mutually perpendicular vibrations. It takes
place in a straight line which is inclined at

Case 2 1f¢1_¢2=mzor¢=’§’,thensin ¢ =1 and

an angle 6 with the x-axis and § < g when

cos ¢ =0. ¢=0.
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Equation (1.18) reduces to . kN
i\ 2 Pt
iz. + y_ =1 E
2 2 :
I e e SR L 2a,
This equation represents an ellipse which is symmet-
rical about the two axes and a, and a, are the semi-axes |
(Fig. 1.4). f
: v
Case 3 If¢1—-¢2=7ror¢=7zthensin¢=0and fres
cos g=—1 | 2a, ™

. Eq. (1.18) gets reduced to Fig. 14 The resultant of two mutually

2 : y
Y +2 Xy + X 0 perpendicular vibrations represents an ellipse.
x Y\
o (@ @) =0
a
2
or, = El-. X

This equation represents a straight line which passes through the origin making an angle of inclination
a
5= tan™! (- a—f) to the x-axis (Fig. 1.5).
Cased4 1If ¢, - ¢, =2 or ¢ = w2 and a, = a, (=a) (say) then sin ¢=1andcos ¢=0.
In this case, Eq. (1.18) gets reduced to
L+y=a
This equation represents a circle which is symetrical about the two axes with a as radius (Fig. 1.6).

3 rY
6
\ 2a, 2a
Y \ / X
I< 2a, >I |'4* 26‘%
Fig. 1.5 The resultant of two mutually perpendicular Fig. 1.6 The resultant of two mutually
vibrations represents a straight line which is inclined perpendicular vibrations represents a circle
at an angle 6 where 6> 12-’: when ¢ =1, when ¢ = 7_; and q, =.a2.
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1.12 Basic Engineering Physics

1.9  DERIVATION OF THE EQUATION OF MOTION FROM THE LAW OF
__ CONSERVATION OF ENERGY

The total (mechanical) energy of a simple harmonic oscillator is given by,

1 2 1 )
o) mo* + 5 mwy =E ..(1.19)

where E is the constant of motion. Now getting differentiated on both sides of Eq. (1.19) with respect to time,
we get,

dv dy
U — J —
m ar + may 0 0
dv 9
or, —_— ') =
(8 13) <
d d.") 2
di ( dt twy=0
dy
or, —+wy=0 ...(1.20)
dar

Equation (1.20) is the same differential equation as Eq. (1.7).

1.10 TWOVIBRATIONSIN A PLANE (OF COMMENSURATE FREQUENCIES)
ACTING AT RIGHT ANGLES TO EACH OTHER

Case 1 If the frequencies of the two vibrations be of the ratio 1:2 with initial phase difference then we can
represent the two vibrations by the following two equations:

x =a, cos (®1)
and y=a,cos (2wt + @)
Now, we can write,

%— =cos (2 wr) cos ¢ —sin (2 1) sin ¢

2

)F

or F:(E cos 2 wt — 1) cos ¢ —2 sin @t cos Wt sin ¢
? 2
y X2 | ox
—=(2=-1|cosp-24[1-=]=sin¢
on a ( a; ai]

el
Y B T S
or, i_(z“__l)cosq):_?. (]—(——,,-)asmlp
Now, having squared both sides of the equation, we get,

2 5.2 2,2 2 2\ 2
Y __21 X _q cos ¢ + Z—I cos“ =41 -= "L—,,sin2
@ ai) ai
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4 (2 y y 2
or, ZE L eos g1 +(—-+c J'=0 .(121)
ol et Greess _
The above equation gives the general equa- v 1

tion of the resultant motion for any phase dif-

ference and amplitudes. If ¢ = 0, Eq. (1.21) gets
reduced to

S P Sl Y-, I i
1
'
.
]
i
1
1
i
'
1
]
1
1
'
i
'
1
1
N
Q
N

—-—=1] =0
( a»ll a, ) «(1.22)
. 2
Equation (1.22) represents two coincident L 2 o
parabolas (Fig. 1.7). o & g
x Fig. 1.7 Resultant of two mutually perpendicular
If¢=—,Eq.(1.2 g Y perp :
¢ 2 9. (1.21) gets reduced to vibrations with frequency ratio =1 : 2 and phase difference
4x* t2 )’2 ¢ = 0 represents coincident parabolas.
—|=-1]|+==0 ..(1.23)
aj (ﬂf @

Equation (1.23) is a 4th degree equation
and represents a curve which has two loops as
has been shown in Fig. 1.8.

Case 2 If the frequencies of two vibrations
be of the ratio 1 :'3 with initial phase differ-
ence ¢ then we can represent the two vibra-
tions by the following two equations:

x =a, cos (wr) I< 2a, >I
and y=a,cos (3wt + ¢)
Now, we can write,

Fig. 1.8 Resultant of two mutually perpendicular vibrations

with frequency ratio 1: 2 and phase difference ¢ = %
2 =cos 3w! + ¢)

a, represents a two loop curve.
or, al = cos 3 @t cos ¢ —sin 3@t sin ¢

2
or, % = (4 cos’ wt — 3 cos i) cos p— (3 sin wt -4 sin® 1) sin ¢

: 1 3
dr, l= -413-—2—X)COS¢'— 3(1—%)2—4(1—%)2]Siﬂ¢

2 \a 1 aj aj
1 2 ;
or 2 E_S_x cos ¢ — l—'ﬁ2 4_x‘_] sin ¢ ..(1.24)
’ a, a? a, a% a|2

Now, transposing and squaring, we get,

y (42 3 SO R . SR
5 e 2

If ¢ = 0, then Eq. (1.24) gets reduced to
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Equation (1.25) represents two coincident cubic curves (Fig. 1.9).

T
If¢= > Eq. (1.24) gets reduced to

— -~ |Basic Engineering Physics —— — —

...(1.25)

Fig. 1.9 Resultant of two mutually

perpendicular vibrations with frequency ratio
1:3 and phase difference ¢ = 0 represent two

coincident cubic curves.

Fig. 1.10 Resultant of two mutually perpendicular

Equation (1.26) is a 6th degree equation and it gives a curve of three loops (Fig. 1.10).
If one changes the phase difference gradually, then the shape of the loop gradually changes.

For a ratio of frequencies of 1: n, the curve will have n loops.

1.10.1 Lissajous Figures

vibrations with frequency ratio 1:3 and phase difference
o= % represents a curve of three loops.

Definition Lissajous figures are those curves which are generated by superimposing two simple harmonic
motion acting at right angles to each other.

The constituent simple harmonic motions may have different time periods, different amplitudes and also
different initial phases. The size (or dimension) of the resultant curve depends on their amplitudes but the

shape of the curve depends on
the ratio of their time periods
and the initial phase differ-
ences. These figures may be
experimentally generated by (a)
Blackburn’s pendulum, (b) opti-
cal method, and (c) cathode ray
oscillograph, etc. The diagram
of an oscillograph is shown in
Fig. 1.11.

Electron
gun

Vertical and
horizontal Coating
Glass fube  deflection

JTC\ 0y,

< 2 ettt Lo e ]

A Xy CA W

o/
H Oscillograph \

Fig. 1.11 Cathode-ray oscillograph.

Fluorescent

/ screen
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Figures 1.7, 1.8, 1.9 and 1.10 are examples of Lissaious figures.
Uses of Lissajous Figures

(a) Lissajous figures can be used for determination of the ratio of the frequencies of two mutually per-
pendicular superposing vibrations.

(b) They also can be used to determine the unknown frequency of a tuning fork.

(c) The nature and shape of a signal can be known with the help of Lissajous’ figures.

(d) The amplitude of a signal also can be determined with the help of these figures.

—| Worked-out Examples #—

Example 1-1; | The displacement of a body of mass 2 g executing simple harmonic motion is indicated by

y =10 sin (% t+ %) cm. Calculate the (a) amplitude, (b) angular velocity, (c) time period, (d) maximum

and minimum velocity and maximum and minimum acceleration, (e) epoch, (f) kinetic energy, and (g) poten-
tial energy. Is its energy conserved?

Sol.  The general equation of a simple harmonic oscillator is given

y =asin (@t -9) (1)
And in the present case, it is

y=10sin (gml—’g) : (2)

Now, comparing eqs. (1) and (2) we get,
(a) The amplitude, a = 10 cm,

(b) The angular velocity, @ = g rad 5!

(¢) The time period, T=%ror, T=2nx%=6 S

(d) The velocity of the oscillating body at any time is given by v = +@ \,az —y?

Na?— 2
Hence, Unax =|:(0 a“ -y |mu

=lx wal [fory=0]
ie., Vo =a® =10 x%‘ =10.46 cm/s

Similarly, the minimum velocity is given by v;, =0 cms™ [for y = a]
The acceleration at any time ¢ is given by

f=w’
fmax = amz [fOI‘y =a]
2 3.14\2
Or, fmax = 10)(‘5—10)((—3—)
or, . finax = 10.95cm 57
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And the minimum acceleration f;, is given by
Jmin =0cm st [for y=0]
.(e) The phase of the oscillating body is given by,
¢ = (wt-9)
Now, we know that epoch is the initial phase at r=0
b4
15
(f) The kinetic energy is given by

~. from Eq. (2), we get §=—
E. = % ma’ (@ - y*)
So, the value of kinetic energy will vary with y.
(g) The potential energy is given by
1 »
E, = > m cozy“

.. the value of the potential energy varies as y.
At any time, the total energy is given by

E = EP + Ek
or, E = % ma’y” + %— ma’ (@* —y*)
or, E= ‘—,;- mary® + % ma’a® - % me’y”

E = % ma’ta®

which is independent of the variables ¢ and y.
So, it is a constant w.r.t. time. Hence, the total energy of the oscillator is conserved. -

Example I-ZJ A particle is executing SHM. At an instant of time its displacement is 12 cm, velocity is
5 cm s and when its displacement is 5 cm, the velocity is 12 cm s™!. Calculate its (i) amplitude, (ii) fre-
quency, and (iii) time period.
Sol. The velocity of a particle executing SHM is given by

d .

Y 7 2
V=—=w\a —y
dr Y

In the first case,
v, = o\a* - yi
where v, =5cm sTandy; =12cm

5= wVa* - 144 (1)

In the second case

or,
=0 '-?2”)'%

where v,=12cm s, y,=5cm

12 = wVa> - 25 (2)
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Sol.

Dividing (1) by (2), we get

5 _Vid-144
12 225
25 _a*-144
144 42_25

~. the amplitude is 13 cm.
Now, substituting the value of a = 13 cm in Eq. (1), we get,

5= wV132 - 144
or, 5=wV25 .. w=1rads™
The f oD o1
requency V o ZJ'CHZ

The time period is 7=+ = 2

dy 72
E =@wya -y |
The displacement of a particle executing SHM is given by,
y=asin (@t + ¢)

The velocity at any instant of time is given by

b =awmcos (Wt + @)
ar

or, 4 =aw\1 - sin® (01 + ¢)
dt

ot %:wﬂfaz— (a sin (@1 + )}
d

or, %:aﬂjaz—yz [by Eq. (1)]

~— — Simple Harmonic Motion

— 1.17

Example 1-33 Show that for a particle executing SHM, its velocity at any instant of time is given by

(1)

..(2)

Example 1.4 | The motion of a particle in SHM is given by y = a sin @t. If it has a speed « when the dis-

placement is y,, and a speed v when the displacement is y,, show that the amplitude of the motion is

Sol.

a=

2.2 2,211
vy,—u )’%‘E
We have, y = a sin wt

d
u=7yr'-=w\{__a2—y12
dy,

and V=—2=0 az—y%

dt
Now, squaring both the equations, and dividing we have

(1)

(2)
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22
uw_a -y
H——
U oa-y;
2 2 2 9 4 9
or, wa -1y =va —vy’
2.9 -
or. a [1F -] =iy vy
2 4 2 9
. 2 W H-U)Y
i a = > 2
w —-v
29 2
Ty, — 1Y
or, a= i
-
v, — 1’

[ Example 1-5=| Show that for a particle executing SHM, the instantaneous velocity is @ a = )’2 and the
instantaneous acceleration is — &y where @ is the angular frequency, a is the amplitude and y is the instan-
taneous displacement.

Sol. The displacement of a particle executing SHM is given by,

v=acos(@1+ d) (1)
The instantaneous velocity is
d "
v=—"=—wasin (wr+ ) ...(2)
dr
From Eg. (1)
cos(wt+ 8) ==

. sin(mr-&é‘):\’l—coslfco:+5)=\‘l—"—,
a2
—awsin (! + 6) =—aw ]l ~'—‘7

a

or, v=-220a-y) [byEq(2)]
V&

D=2+ w\a —y)

or,

.
-

Now, differentiating Eq. (2), we get

_dv__ -
f_dt_ w acos (ot + 6)

or, f=-a'y [byEq.(1)]

Example 1.6 ' Calculate the time period of the liquid column of length / in a U-tube, if it is depressed in
one arm by x, d is the density of the liquid and A 1s the cross-sectional area of the arm of the U-tube.

[WBUT 2007]

Sol.  The U-tube as has been described in the question has been shown in Fig. 1.12.
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The liquid column of a liquid with density d has been shown in the diagram. The height of the liquid
column in each arm is equal to I, The liquid column has been depressed in the left arm through a
depth of x. So, in the right arm it has risen through a height of x. So the difference in the levels of the
two arms is 2x. The liquid column of length 2x in the right arm will try to bring back the two Jevels

to their initial values. The force acting in this process will be

F = (2x) Adg
This force (F) acts on the liquid of both columns with length .
(ZIAd)%=—(2x)Adg [here, m = 2! Ad] Ar— St e
o, dx__xe
dr l
or, X+ (%) x=0

i+ @’x=0 [where coz.-%] |

This is the equation of a simple harmonic oscillator, = Fig. 1.12 A U-tube with vibrating liquid
- its time-period T is given | column.

2 T |
T-—E——-Zﬁ\{g— )

Example Lﬂ 9 kg of mercury is poured into a glass U-tube with a uniform internal diameter of 1.2 cm.

It oscillates freely about its equilibrium position. Calculate the time period of oscillation of the mercury
column.

Sol. Let / be the height of the mercury column in each arm and m be the mass of liquid of the two col-
umns. Then

m =2l Ad where A is the area of cross-section and d is the density

P I
24d |
The mass m =9 kg, d = 13.6 x 10> kg m™>
2
A=314x (12—2) cm? = 1.1304 x 10~ m?
! 9 =2.927m

T 2% (1.1304 x 107) x (13.6 x 10%)
- the time period of oscillation T is given by

,l

T=2r E
’2.927

Or, T=2nx W

T=343s

\
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Example 1’-3J Two particles execute SHM of the same amplitude and frequency along two p:_uallel straiglllt
lines. They pass one another when going in opposite directions. Each time their displacement is half of their
-amplitude. What is the phase difference between them?

Sol. Let the equation of motion of the two particles be as follows:

y = a sin @t (1)
and y = a sin (ot + ¢) _ ..(2)
when y= % for the first particle, we get

% =asin @t [from Eq. (1)]

= sin @t = % -(3)
Again, when y = —;— for the second particle, we get, [from Eq. (2)]
> =asin (o1 + )
or, % = sin @¢ cos ¢ + cos @1 sin @
1 1 1 .
or, 5 =5 ¢0s ¢+1‘1-Zsm¢ [by Eq. (3)]
or, 1 =cos ¢+ 3 sin ¢
or, 1—cos ¢ =3 sin @
or, 1 -2 cos ¢+ cos® ¢ =3sin’ ¢
or, 1-2cos ¢+cos’p=3—3cos” ¢
or, 4cos?¢p—2cos p—-2=0
or, 2C032¢—COS¢-—1=0
or, (2cos o+ 1)(cosp—-1)=0
Now, (cos ¢ — 1) = 0 will give the value of ¢ which equals to zero. So, this value of ¢ cannot be
accepted as the particles will have the same phase.
Hence, (2cosgp+1)=0
or, cos ¢=—--,l>—=cos 120°

Therefore, the phase difference between the two ospillators is 120"

Example 1.9 I The displacement of a moving particle at any time ¢ is given by
y =asin ot + b cos wt

Show that the motion is simple harmonic.
Sol. The equation representing the displacement of the particle is given by

y =asin @t + b cos wt (1)
dy .
or, T =aw cos @t — bwsin ot
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d’y
or, ?=-aw2 sin @t - ba? cos wt
or, iz—y—=—ao2 (a sin ot + b cos w1)
dr

&y =-w’ [byEq.(1)]
df [

or, 2 wly=0 .(2)

dr

Equation (2) is the standard differential equation of a simple harmonic oscillator. Hence the given
equation [i.e., Eq. (1)] represents a simple harmonic motion.

Example 1010,] Calculate the displacement to amplitude ratio for SHM when the kinetic energy is 90% of
the total energy.

Sol. Let m be the mass of the oscillator, a be the amplitude and o be the angular frequency.
So, the total energy of the oscillator is given by

. E= —;- mo’a*
Let y, be the displacement when its kinetic energy E, is 90% of the total energy. Now, the potential
energy is given by
1
EP = 5 ma)z)%
1
E, 3"0% g
—=———="=——=0(.1
E LI o 100
2
A yi:a=v0.1=0.316
| Review Exercises | -
Part 1: Multiple Choice Questions
1. The SI unit of the force constant of a spring is given by
(a) Nm (b) Nm™ (c) Nm™ (d) N
2. Which of the following is not essential for simple harmonic motion?
(a) Inertia (b) Gravity (c) Restoring force (d) Elasticity
3. The velocity of a particle executing simple harmonic motion is minimum at a point where displace-
ment is
(a) zero (b) maximum
(c) midway between zero and maximum (d) none of these
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4,

10.

11.

12.

13.
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If two SHMs of the same amplitude, time period and phase act at right angles to each other, then the
resultant vibration is

(a) elliptical (b) circular (c) straight line (d) parabolic

. If the velocity of a particle executing SHM is maximum, then displacement will be

(a) maximum (b) minimum (c) less than zero (d) greater than zero

- The potential energy of a particle executing SHM of amplitude a is equal to its kinetic energy when

displacement of the particle is

(a) *a (b) + % © =5 @ =7

. For a particle executing SHM, the phase difference between displacement and velocity is .

@ = (b) 0 © 7 @ -7

.- Which one of the following statements is true?

(a) All periodic motion is simple harmonic.

(b) All simple harmonic motions are periodic.

(c) Potential energy is proportional to displacement.
(d) All of the above statements are incorrect.

. Which one of the following relations is not true for a SHM?

(a) Potential encrgy is always equal to the kinetic energy
b) T=2 ’Displacmcm
( = Acceleration

&y B
S~ +—y=0
darr "

()

(d) none of these

The equation —f: -y represents (where @ is a constant)
dr-

(a) projectile motion (b) motion of a freely falling body
(c) simple harmonic motion (d) none of these
Production of Lissajous figures can be shown through a device known as
(a) Geiger-Muller counter (b) travelling microscope
(c) cathode ray oscilloscope (d) periscope

The differential equation of a simple harmonic motion of a particle of mass m with angular frequency
@ can be expressed as : : .
2

dy 2 dz)’ 2 mdz)’ ' mdzy
(a) —=—-wy=0 (b) —+wy=0 (c) =0 d)y —= 2,
dr dr dr @ dr hoty=0

The total mechanical energy of a particle (executing SHM) of mass m, an

) AR gular frequency @ and
amplitude of vibration is given by

| 2 P 1 2.2 1
(a) o m (b) > (c) 2mma (d) > ma

Scanned by CamScanner



——  _SimpleHarmonic Motion .- —

14. To have a circular Lissajous figure, the phase difference (8) and the amplitudes (a and b) of two
superposing simple harmonic motions are respectively

(@) 8=0,a#b (b) 8=0,a=b (c) §=n/2,a=b (d) §=m2,a#b

15. The time period of a particle of mass m (executing SHM) under, a force where the force per unit
' displacement is k can be expressed as

(a) T=21t\]% (b) T-EIE'JE (c) T=2n\[% . (d) noneofthc;se

16. In any damped oscillation the resisting force is proportional to

(a) displacement (b) acceleration . (c) velocity . (d) square of velocity
17. The general solution of the differential equation of simple harmonic motion is given by

(@) y=asin wt (b) y=cos wt (c) y=acosd (d) y=asin (@t +9)
18. The sound wave is

(a) an electromagnetic wave (b) an elastic wave

(c) aradio wave (d) none of these
19. The time period of a simple pendulum of infinite length is given by

(a) finite (b) zero (c) infinite | | (d) none of these

2
20. If the differential equation of the SHM of a body is represented by zy +o %y = 0 then its natural
frequency is given by dr*
@ o (b) 28 © 2 @2

21. If the restoring force constant of a body is 98 Nm“i, then the restoring force of the body for a dis-
placement of 10 cm is

(a) 98 N (b) 9.8 N © 098N  (d) none of these

- [Ans. 1. (c), 2. (b), 3. (c), 4. (b), 5. (b), 6. (b), 7, (c), 8. (b), 9. (a), 10.(c), 11. (c), 12. (b), 13. (c), 14.
(c) 15. (c) 16. (c), 17. (d), 18. (b), 19. (c) 20. (c), 21 (b)] Al

wart Questwns mtﬁAnswers
1. Give four examples of non-oscillatory periodic motion.
Ans. The following are the examples of non-oscillatory periodic motion:

() The motion of the earth around the sun, (b) the motion the moon around the earth, (c) the motion
of two twin stars, and (d) the whirling of a stone tied to a string.

2. On what factors does the shape of Lissajous’ figures depend?
Ans. The shape of Lissajous’ figures depends on the following factors:
(a) The ratio of the frequencies (or periods)
(b) The amplitudes of the oscillations
(c) The relative phase of the component motions
3. Why is a loaded bus more comfortable than an empty bus?
Ans. For a spring-mass system, the frequency of the vibrating mass is given by
_ 1K
2 Ym
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Ans.

Ans.

Ans.

Ans.

where v is the frequency of vibration, k is the spring constant and m is the mass. One can see from
the equation that the frequency of vibration is inversely proportional to the square root of the mass.
Hence, if the bus is loaded there will be less vibrations and it will be more comfortable to its riders.

Is a transformer a source of simple harmonic motion?

A transformer simply lowers the voltage of the applied ac supply and the secondary also generates
an alternating current which reverses its direction according to simple harmonic motion. So, we can
consider a transformer as a source of simple harmonic motion.

The potential energy of a particle of mass m is given by % ma’y?, where @ is a constant. Show

that the particle is executing simple harmonic motion.
In the given problem, the potential energy is given by

V= % ma’y*
If F be the force acting on the particle then
dav
F=-—
dy
or, F=- 2, (l mafyz) =— ma)zy
dy \2
Hence, the acceleration of the particle is given by
>
=—=—=00r y
or, fe<—y (as wis a constant)

Hence, we can conclude that the motion is simple harmonic.

What is a Lissajous’ figure?

If two simple harmonic motions at right angles to each other are superposed on each other, the path
of the resultant motion is, in general, a closed curve. Such a curve is called a Lissajous’ figure.

Show that for a body executing SHM, the acceleration leads the velocity by % and the displace-

ment by .
Let us represent the SHM by the following equation:

y=Asin(wt+8) Cu(D
Then, the velocity is given by
d
v =E)§=A wcos (wt+ 9J)
" : r .
or, v-Amsm(aJt+ ¢+2) (2)
Now, comparing Eqgs. (1) and (2), one can note that velocity leads the displacement by g

Again, the acceleration is given by

_dy_dy . '
_E;—F—-—Aa}zsm (0t + ¢)
or, f=Ad? sin (@t + ¢+ 7) .(3)

Scanned by CamScanner




= ‘Sitiple Harmonio Motion -~ —— ——— | 1.25

Now, comparing Eqgs. (2) and (3), one can see that the acceleration of a particle executing SHM leads

the velocity by J_2r From egs. (1) and (3) it is evident that the acceleration leads the displacement by
- .

8. What are the dimensions of the force constant of a vibrating spring-mass system"

Ans. The force F on the mass of the spring is F = — kx, where x is the displacement of thc centre of mass
from the equilibrium position at any time r.

. the dimension of k is given by
_[Fl _[MLT?}

i.e., the dimension of the spring constant K is [K] = [MT 2]

9. A hollow sphere is filled with water and used as a pendulum bob. If water trickles out slowly
through the hole made at the bottom then how will its time period be affected?

Ans. The time period of a simple pendulum with length / is given by the following equation:

=il
| T-27r\!;

where g is the acceleration due to gravity at the place of the pendulum. When water trickles out
slowly through the hole made at the bottom of the hollow sphere, the mass of the bob goes down
slowly. Though the time period is independent of the mass m of the pendulum, yet it will vary as VI
since due to leaking of water through the hole, the centre of mass of the sphere will keep on changing
its positions by varying the effective length. Initially the centre of mass will keep on moving down
form the centre of the sphere but after some time it will keep on moving up. And after all the water
has trickled away, the centre of mass of the bob will lie again at the centre of the sphere. So, as long
as some water will remain in the hollow sphere, its time period will keep on changing. But the initial
time period T; and the final time period T, will be same (i.e., T; = Tp.

10. How does periodic motion differ from simple harmonic motion?

Ans. Any motion that repeats itself at regular intervals of time on the same path is called periodic motion.
On the other hand, the simple harmonic motion is a periodic motion in which the particle traces the
same path twice in one period. The locus of the moving particle may or may not be a straight line in
case of a periodic motion. But in case of simple harmonic motion, the locus of the moving particle is
always a straight line. In case of a simple harmonic motion, the acceleration of the particle is directly
proportionnal to the displacement. But in case of a non-simple-harmonic periodic motion, the accel-
eration is never proportional to the displacement.

Part 2: Descriptive Questions
1. What are the characteristics of SHM? Define time period, frequency, amplitude and phase of a simple
harmonic oscillator. Prove the principle of conservation of energy in this case. [WBUT 2001]

2. A cubical box of L cm side and density p is floating on water of density d (p < d). The block is
slightly depressed and released. Show that it will execute simple harmonic oscillation. Determine its

frequency of oscillation. .. [WBUT 2001]
3. Establish the differential equation of simple harmonic motion and solve it. [WBUT 2004]

|
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4. Prove that the motion of a simple pendulum (with small oscillation) is a simple harmonic motion.
Hence, find the expression of its period of oscillation. ' '

5. Prove that the horizonal motion of a spring-mass system on a frictionless surface is simple harmonic.
Hence find the expression for its time period and frequency.

6. Prove that the vertical oscillation of a loaded spring is simple harmonic. And hence find an expres-
sion for its time period of oscillation.

7. Two SHMs with the same time period of oscillation differing in phase and amplitude are acting in the
same direction on a particle. Deduce expression for the amplitude and phase of the resulting motion.
Discuss the special cases while the phase difference is 0, 772, and 7 respectively.

8. What is simple harmonic motion? Show that for a simple harmonic oscillator, the average kinetic
energy equals the average potential energy.

9. A simple harmonic oscillator is characterized by y = cos . Calculate the displacement at which
kinetic energy is equal to its potential energy. : '

10. Calculate the resultant of two simple harmonic oscillations at right angles when their periods are in
the ratio of 3:1.

11. Derive the equation of a simple harmonic oscillator form the energy consideration.

12. What oscillates in a simple harmonic electrical oscillator? Can we realize it in practice?

Part 3: Numerical Problems
1. The displacement of a particle executing simple harmonic motion is given by
y =sin kt + cos kt 7

Find (i) time period, (ii) amplitude of vibration.

2. If y, = 4 sin {10t + ¢) and y, = 5 cos (101) be the displacements of two particles at time ¢, then find
the phase difference between the velocity of the particles.

3. Two vibrations at right angles to each other are described by the following two equations:

x=5cos 3m
y =5 cos (6m‘+£)
4
where x and v are expressed in cm and seconds. Construct the Lissajous’ figures.

4, A particle of 100 g mass is held between two rigid supports by two springs of force constants of
8 N/m and 2 N/m. If the particle is displaced along the directions of the lengths of the springs, calcu-
late the frequency of vibration.

5. A body executing simple harmonic motion has an amplitude of 100 cm and a time period of 3 s.
Calculate the time taken by the body to travel a distance of 5V3 cm from its mean position.

6. A particle describes simple harmonic motion in a line 4 cm long. Its velocity, when it passes through
the centre of the line, is 16 cm s~'. Find the time period of its oscillation.

7. A point mass m is suspended at the end of a massless wire of length [ and cross-sectional area A. If the
Young’s modulus of elasticity of the wire be ¥ then obtain the frequency of oscillation for the simple
harmonic motion along the vertical line.

8. A particle moves along a straight line with a period of 2.5 seconds and an amplitude of 12 cm. What

is the kinetic energy when it is 2 cm away from its position of equilibrium?

Scanned by CamScanner



CCHAPTER - oo

Free and Damped Vibrations

2.1 2.1, FREE VIBRATIONS

Let us consider a simple pendulum whose bob has been suspended from a rigid support with a string and kept
in an evacuated chamber having a transparent window through which the bob can be seen ‘from outside. Let
us also assume that the bob is made of a magnetic substance and the string is inflexible and massless. Now, if
the bob is displaced from its mean position with the help of a magnet from outside and left itself, then it will
keep on oscillating for an indefinite time with a constant amplitude and a constant frequency of vnbratlon
Such a vibration is called a free vibration.

This type of vibration is, however, an ideal case since in reality we cannot have a massless and inﬂexib!c
string. But this idea helps one develop the concept. So, we can define a free vibration as follows: The free or
undamped or natural vibration is the vibration of a body which is completely free from external forces.
In other words— simple harmonic motions which persist indefinitely without loss of energy and reduction in
amplitude are called free or undamped vibrations. :

However, observations of the free vibrations of a real physical system reveals that the energy of the
vibrator gradually decreases with respect to time and the vibrator eventually comes to rest. For example, the
amplitude of a simple pendulum vibrating in air decreases with time and it ultimately stops its vibration. The
vibrations of a tuning fork die away with elapsing of time. This happens because of the presence of friction
(or damping) in actual physical systems. And the friction always resists motion. In the previous chapter, for
the motion of simple harmonic oscillators, we have assumed that their vibrations are free or undamped.

2.2 DIFFERENTIAL EQUATION OF FREE OR UNDAMPED VIBRATIONS

If a particle executes SHM freely, then its kinetic energy for a displacement y, is given by |
e (2]
kT2 dr ‘ . qo1 (2.5 .13 0d

And at the same instant of time, its potential energy is given by E, = % ky2 where k is the restdring force
per unit displacement.
So, the total energy (E) at any instant of time is given by,
E=E,+E,
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) 1 (dy )2 1,2
or, E=2m|=Z] +2
2™\ t20
As the concerned oscillator is a free one, its total energy will remain constant,
1 (dy )2 1, 2 |
E=—-m|—| +=k/’*= ...(2.1
Zm(dr +2ky constant 2.1)
Now, differentiating Eq. (2.1) with respect to time, we get,
dy
m—+ky=0 ...(2.2)
dr* . .
dy (k&
or, —+|=)y=0
d 5
or, £y +w'y=0 ...(2.3)
. dr*
where @ = (ﬁ)

Equation (2.3) is an ideal equation for a free oscillator. In Chapter 1, we considered this equation only.

E_2._3‘ | DAMPED VIBRATIONS

In real practice, when one causes a pendulum to vibrate in air, there are always frictional forces acting on the
system and consequently, the energy of the system gets dissipated in each vibration. The amplitude of vibra-
tion decreases continuously with respect to time, and finally the oscillations of the vibrator die away. Such
vibrations are known as free damped vibrations. The dissipated energy appears as heat either within the sys-
tem itself or in the surrounding medium. In case of small oscillations, the dissipative forces due to friction (or
resistance in case of an LCR circuit) are proportional to the velocity of the vibrator in that instant of time.

d . .
Let B 'd_): be the dissipative force due to friction. This term is to be introduced in the equation of a free

simple harmonic oscillator (SHO), i.e., Eq. (2.2). So the differential equation in case of the free-damped
vibrations is given by

dy _dy
mF+ﬁZ+ky—0 -(2.4)
d’y (ﬁ)dy k
or, 22\l () =0
d2y dy \
or, d—+2b-2?+ y=0 ' ' ...(2.5)
2_k

where b=5n_ and w' =

So, Eq. (2.5) represents the equation of motion of a damped harmonic oscillator.
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/2.4, SOLUTION OF THE EQUATION OF A DAMPED OSCILLATOR AND ITS

___( ANALYSIS
In order to solve Eq. (2.5), let us put y = ae™ (the trial solution).
dy
Then, — = = ay
o = cae =0
d*y
or, ': = o ae® = &Py
dr-

-

ORE d-y
Now, substituting the values of ——‘,)7 and % in Eq. (2.5), we get,
dr .

2 9
oy +2bay+awy=0
or, o +2ba+ @ =0
or, a=-bx\b’— @

- the general solution of Eq. (2.5) can be written as

}_,=Ale(-b+‘1b'—nr)t+Aze(—b-‘~'b'—ar]r
or, y=e{Ae? T 1A, TV . ..(2.6)

where A, and A, are two constants whose values can be determined from the initial conditions.

Now, depending upon the relative values of b and @, we can come across the following three cases which
deal with three conditions of motion:

Case 1 When b < @, i.e., the damping force is small, the value of the quantity Vb2 — o is imaginary and
it can be written as

Vb2 - & =i Vot - b?
Hence Eq. (2.6) gets reduced to

}’ = e—bf (Al el d(ﬂz—b}f_*_Az e-f “d:-b:'f )
or, y=e?" {(A; +A,) cos NP - b)) t+i (A, —A,) sin (Ve — b))
or, y =€ (A cos (Ve - b2.1) + Bsin VP — b2)) 27

WhereA =Al +A2 andB= ] (Al "Az)
Now, let us put, A = P cos 8and B = P sin 8in Eq. (2.7)
where P = (VA + B) and 6= tan”’ (g)
So, Eq. (2.7) takes the following form:

y =€ (P cos 0cos (N — b?) t + P sin 8 sin (Va? — bP)r)

or, y = Pe cos (Ne&* - b*.1 - 6) ...(2.8)
If there is no damping, then b = 0 and Eq. (2.8) reduces to
‘ y =P cos (@t - 6) ...(2.9)

which is the solution for the free and undamped SHM.
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. Now, Ict us apply the initial conditions in order to evaluate the values of the constants.
Lety= ¥, att =0, so the initial displacement at £ = 0 is y,. And the mmal velocity at £ =0 is glven by
. [dy =
=) oo 000
Putting these values of y, and 7 in Eq. (2.7), we get
' Yo=A=A=y,
Now, from Eq. (2.7), by differentiating with respect to r we get,

y=—be™® {Acos Vo — b - t + B sin VaF — b* -t}
+ e Vo —b? (~Asin VP — b - t+ Bcos VaP — b2 - 1}

or, O)=0=0,=—bA+Va’ —b* - B
v,+bA v, +b-y,
or, B = =
Vot -2 Na? — b2

y= [yo cos Ve = b - 1) + W__ 22 sin N bz)t) $1(2°10)

The initial motion of the oscillator can be started by either of the two ways:
(a) by giving initial displacement or |
(b) by striking, i.e., by imparting an initial velocity.
Case (a) Wheny,#0and v, =0, we get,

~bt 2 2 b . ] 2
y=y,e cos(\!ar—b)-r+——sm(\'ar—b)t] ...(2.11)
’ [ Vo — 52
Case (b) Wheny,=0and v, #0, we get,
ot (Ve - b?) (2.12)
y = ———sin t .2
V@ — b*

Now, as A = P cos 6 and B = P sin 8 and we know the values of A and B as given above, we get

v, + by \2
P=~JA2+32=\fy§+(—"—y")

Va? - b
or pe !yicuz+v§+2byovo
‘ (& - b%)
d 0 = tan™! by, + 0,
an = — i
Yo ‘(Dz - bz

If the motion is started by imparting initial displacement, then we obtain,

Y=y, e [cos(\f b stn(d -5 0| [Eq 1D
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This equation can be written as ;
y= (.&) e cos { o — b*. t—tan™ (

77

..(2.13)

=)

Hints: Letb= wsin ¢
Vo - b? =\fa)2—a)25in2¢=a)cos¢

b _@sing
Vi — b2 wcos¢—tan¢
¢ =tan™ —2

Vaor - b?
The motion expressed by Eq. (2.13) represents a damped oscillatory motion whose amplitude
rr

Vo —b°

the time period T is given by A
r-_2x LY e
V p— 2 y T Ny e
a)2 b /\ [\ A R"'": h.t

This damping motion has been shown in T

& ) decreases exponentially with respect to time at a rate determined by the decay constant b and

Fig. 2.1.

This decrement of amplitude is called | |/ _. --

logarithmic decrement of the amplitude of a

damped oscillator, because the amplitude is an

exponential function of time and is given by
A=A, e?

where A(7) is the time dependent amplitude and

A, is given bon=& ‘[

Fig. 2.1 The displacement of a damped oscillator
decreases with increase of time and ultimately it dies out.

4

:/ ll’l Ao
VoF — b
InA() =InA, +In (™)

or, InA(r) =InA, - bt
So, if we plot A(r) versus ¢, we get the graph of

In A(t)

Fig. 2.2. (0, 0) n A >t
Comparing this damped oscillator motion with ( b °>/
the free undamped motion of an oscillator [Eq.
(2.9)], we can see that damping force has the fol-
lowing effects on the motion of an oscillator:
(i) The amplitude is not constant but it dies away logarithmically.
(ii) The frequency of oscillation reduces slightly below the natural frequency. The damped frequency is

N 2
ﬂ- whereas the natural frequency is given by v, = o
27 2
Case2 Whenb > o, i.e., damping force is large, the motion of the oscillator turns to be non-oscillatory. If

¥, be the initial displacement and v, be the initial velocity, then the general solution is given as follows:

Fig. 2.2 Logarithmic decrement of the amplitude of a
damped oscillator with respect to time.

given by v, =
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},=Ale(-b+4b2-afy+AZe(-b-\b=-aFu

This equation, at 1 = 0, reduces to
Yo =A,+A, --(2.14)
or, A +A, =y, '

dy s N — —
Now, v=—=- e (A€ T 4 A T e B o L e A~ g, e -0

At1=0,0,==b (A +Ay) + V0> — & (A, - A,)

or, v, =—by, + >~ @ (4, - A,) [by Equation (2.14)]
v, +b,y,
or, A—-A, =—1_i-,— ...(2.15)
b —awr
Now, from Egs. (2.14) and (2.15) we get,
,0 b + U / ’
Vb - o
and 4, =2 [ I _u]
2 b - o
Now, substituting these values of A; and A, in the general equation, i.e., in
I b o
y =e.._b[ (Al e\b -ﬂJ'I'+A2 e—\b —Cer)
we get,
) b+v,ly [T 3 b+uv,ly S '
y=%ae4,,[(l+_o_.\:)e\b_ar.,+(l__+h)e.\b-w., (2.16)
b - b -

Equation (2.16) represents an aperiodic
motion i.e., a non-oscillatory motion. The dis-
placement y gradually falls off with respect to

Critically damped

time because of the term (e™%). If a pendulum y
is allowed to move in a thick oil then it exhib-
its this type of aperiodic motion. Similarly, an Ouendsmpecd

over-damped moving coil galvanometer also is
able to show such an aperiodic motion. It is rep-
resented in Fig. 2.3 and such a motion is called

dead beat motion.

Case 3 When b = w, the motion is critical.
That is, it is a transitional case when the damped
oscillatory motion changes into a dead beat
motion. This is known a critical damping and
the decay of y is most rapid in this critical case.
This motion is illustrated in Fig. 2.3. If the damping is slightly less than this, the damped oscillator starts

oscillating.

—_—rt

Fig. 23 'The overdamped and eritically damped motions
have been shown. If the daming is slightly less than
critical damping then the oscillator will vibrate.
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2.4.1 Solution of Differential Equation in Critical Case

To get the solution, in the critical case, we first take b = , i.e., b — @~ 0 and then finally put b —@=0 (.,
exactly equal to zero). . ] , ‘ o

We can rewrite Eq. (2.16) as follows: ;
y =%e—brle V-ar ot e—db’—wz. 'L b + volyo (eﬁz—af.:_e—\bﬁ-af.r)]
b - of
Now, expanding and neglecting the higher order terms, we get
[1-&-(\}!72 @) t+1-Obr - )H- "y" + (% = Pyt =1+ (Vb - &@))
\Jb - wz
Finally, upon simplification by putting b — @ = 0, we obtain, ' '
y= %" e (242 +v/y))

or, N—— y=y,e 7 {1+ (b+v,y,) 1} (217)

2

:,,_g._5 . ELECTRICAL ANALOGY OF SHM AND DV

Simple harmonic motions (SHM) and damped vibration (DV) can be observed in electrical circuits also like
mechanical systems.

. . . Key K
2.5.1 SHM in an LC Circuit S . A
Let us consider the following electrical circuit which has _| Currenti
been shown in Fig. 2.4. It is an LC circuit. Inductor Lg%’. . :|: % Cell s__l__
Figure 2.4 shows an LC circuit which contains one + Capacitor G

inductor L and one capacitor C connected parallelly. In
the equilibrium state the capacitor is uncharged and no
current flows in the circuit. As soon as the equilibrium
state is disturbed by pressing the key, the capacitor starts ~ Fig- 24 * An oscillatory LC circuit, L-inductor,
charging and the circuit starts oscillating. The voltage (-Capacitor, K-key and &-cell.

N . .
across the capacxtor is = and that across the inductor is

-L di__ L—. 9 The minus sign indicates that the voltage opposes the increase of current. From Kirchhoff’s

dt dr
law, the net voltage in the circuit is zero.
&
Y ik . &
a? €
dq 1
4.2 4=0
o 2 Lc! L
dq R g '
or, - —+wg=0 ...(2.18
a7 (2.13)
1
h =—
where o’ Ic

Scanned by CamScanner



2.8 |--- S — — - Basic Engineering Physics -

Equation (2.18) is similar to Eq. (2.3) which is the differential equation of SHO.
Thus, in an electrical circuit consisting of an inductor (L) and a capacitor (C) the charge oscillates

harmonically with an angular frequency @ = L and a period T= 27 VLC,
equency JLC pe

q=q,cos (wt—¢@) [where g, is the initial charge]

dq
or, s g i N
i o wq, sin (0t - @) |
or, I =—1i,sin (wt— ¢)

where i, = @q, is the maximum current in the circuit and i, is given by i, = v, T

2.5.2 DV in an LCR Circuit

Let us consider the following electrical circuit which has been shown in Fig. 2.5. It is an LCR circuit. It is
capable of showing damped oscillations. When R = 0, the oscillations of the circuit are undamped with angu-

lar frequency @, = —\fll,:C The resistance gencrates the resistive (or dissipative) force in the circuit. As soon
as the key K is pressed, the capacitor gets charged by the :
battery and on release of the key, the battery is thrown out /5
of the circuit and the capacitor starts discharging. At time iR _R =
t, V= % is the potential of the capacitor and the induced + q 1+ e
emf across the inductor is L % and potential across the L Ciln
Z3L
resistor is iR. as.

So, we can write,
Fig. 25 An LCR circuit which shows damped

q _ di . vibration. R-resistance, L-inductor, C-Capacitor
—=—-L—-IR )
_ C dt £-source, i-current, K-key.
or, . L%+iR+%=O
dq dg gq
or, Ldﬁ +RE+'€;—O
dq Rdq g
w2rrate=?
d*q dq 5 :
—+2b—+wq=0
or, 7P r q ...(2.19)
R 1
—= d—=
where 7 2b an ic e

Equation (2.19) is similar to Eq. (2.5) which is the equation for a damped vibration.
So, the LCR circuit represents a damped vibrator.
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L Worked-out Bxampfes i+

\ B | | .
[Example 2-1,] Show that y = (A + Br) ¢ 2 is the solution of the following differential equation for damped

vibration:

dy Bdy
dt2+mdf+my 0

for the critically damped oscillations where  is the mass of the vibréting system, f3 is the resistive force per
unit velocity and & is the restoring force per unit displacement.

S_ol. If the vibrating system gets displaced along the y-axis then the dlfferentlal equatlon of a damped,
harmonic motion is given by

d’y
—+2b—ﬁ+a)2 0 (1)
drt dt 2=
where 2b = g, = %
Now, given, 5
y=(A+Bt)e zn=(A+Be”
or, y=(A+Bt)e? (2
d
%:—b(A +Bf) e+ B ..(3)
%y
and - — =b*(A+Br)e?-2b B ()
dr y 2 ‘
Now, substituting the values of y, 73: and d_f respectively from Eqgs. (2), (3) and (4) in Eq. (1), we
t
get, ‘
b2 (A +Bt) e —2bBe™ 20> (A+ Bt) e + 2bBe™ + & (A + B e =0
or, (@ -b)(A+Bnet =0
or, (@ -b*)y=0
But y cannot be zero for all times,
- =0
or, o = b

.. .. : I . A _B
This is the condition for critical damping of a vibration. Hence, the given expression y = (A + Bf) ¢ 2m

is the solution of the given differential equation for the critically damped oscillation.

[Example 2.2 | What is decay constant (or relaxation time)? How does it vary with damping coefficient?
[WBUT 08]

Sol. The relaxation time of a damping oscillator is defined as the time in which the amplitude of a damped

oscillator decays to -33- time of its initial amplitude.
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If A, and A, be the amplitudes of the oscillator at times ¢ = 0 and at time 1 = ¢ respectively then we can

write,

A1

A, e
But e=2717 = -:;=0.368
4,=0368 4,

Hence, the higher is the decay constant (or relaxation time. 7,). the slower is the rate of decay of the

amplitude. So. in such a case the rate of dissipation of energy of the damped oscillator also will be
slow.

For a damping system. the amplitude varies with time exponentially.
So. we can write,
A=A, T

where b = -,,E and B is the damping coefficient. i.e., damping force per unit velocity of the
m

oscillator.
Now:, if time ¢ is equal to the relaxation time 7, (i.e.. 7 = 7). then, we get,

A,=4,e% =14, (by definition]

or. e%r:, - e—[

or, by, =1 = f:,:l
5 b
<

or, Ta= ?'

So. the relaxation time (7,) of the damped oscillator varies inversely as the damping coefficient (f).

Example 23| Show that in case of damped oscillation with a small amount of damping, the corresponding
time-period of oscillation is higher than the time period of free-oscillation.

Sol. In case of small damping, the angular frequency @, = Y&’ — b> where @is the angular frequency of

a similar undamped oscillator and b = ;'{'—1 &’ being damping coefficient.

- the time period 7 ; of the damped oscillator is given by
T 2z 2r
A P et
Ry
whereas the time period of an undamped oscillator is given by
2

Tzﬁ

From the values of T;and T
| T;>T [Ve@-b* < @]

Example 24| Show that in case of damped vibrator, the rate of loss of energy of the vibrator is equal to
the rate of work done by the vibrator against the resisting force.
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Sol.

or,

or,

or,

or,

'Free and Damped Vibrations

For a damped vibrator, the equation of motion is given by,

dy  dy
m +k—+ky=0
df dt b
d* d
m d;, +ky=-k g};— = resisting force = F (say)
The total energy of the vibrator is given by
E=E.+E,
_1 [y o1,
E= 2:11(9;) +§ky
at 2" \ar) 2 2
&2
gk (m L + ky ﬁ
dt dr dt
N dy) (a'y) dy
(GG
de _d y=9
ar = Fres- = (W)
where W is the work done against the resistive force.
o dE _ W
’ dt  dt

— ] 211

i.e., the rate of loss of energy of the damped vibrator is equal to the rate of work done against the

resisting force.

Example 2-5;] The amplitude of an oscillator of 200 cps frequency falls to (1/10)th of its initial value after

2000 cycles. Calculate its relaxation time, quality factor and time in which its energy falls to (1/10)th of its_
initial value.

Sol.

[WBUT 2008]

Let O be the quality factor of the oscillator, v be its frequency, m be its mass and 8 be the damping

force for per unit velocity.
The damping constant b is given by

B
b= om
». the amplitude at any time ¢ is given by,
AN =A, e
where A, is the initial amplitude.
A
(t) — e—br
Aa
The frequency v =200 s™!
. . 1_ 1
-~ time period T_T/__ 300 S
Time taken for 2000 cycles is given by
_10 _1
t-lOT—ZOOS—zos

(1)
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= from Eq. (1), we can write

A 1 _
—bt 1
e = —_—
A, 10 10
or, logjg(e™) =~
or, —btlog)© =-1
or, b= 1 - = 1
tx1 1
%810 = xlogy”
or, b=—22_ =201 10 N\
log,o
or, b=20x23=46
.. the quality factor Q is given by
_ 0 _ 2rx200 _
Q= p=2xa6 ~ 1366
The relaxation time 7, is given by,
1
T, =—
b
1
or, =—
=46
or, 7,=0217s
We know, for a damping system, that the energy at time ¢ is given by
E =E, e

Let E; and E;be energies at r=0and 1 =1
E=E e [+E=Eye®%=E)

E,
=2bt __f__L
or, e = E, = 10
or, e =10"
or, —2btf=-—ln 10
or, Zbrf=1n 10
or, = 2b —xIn 10
1
t,= 2.3
or, I= %46
1
==—=02
I 1 0.25s

Note: Energy of a damped oscillator:
The total energy of any oscillator is given by
E - Ek + Ep
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where E is th_e total energy, E, is the kinetic energy and E, is the potential energy.
. 1 , ,
s mv® + 5 ky* )

where £ is the restoring force per unit change of displacement y.
If the oscillator is a damped oscillator, then its displacement is given by

y =ae™ sin (0t + §) | (2
where o =V — b
d
V= F): =‘ae"” (@’) cos (w't + &) [ b is very small] -+«(3)
; . ‘ ' | d
If the oscillator is excited by giving a velocity v, suddenly in the mean position then at =0, ?'): =7,
and §=0
¥ v, =aw’ by atits = a=v,/0
v, m
o y= Eo; e_b' sin ((g';) | ‘ 1l . (4)
b
and v =1, 7 cos (@' 1) —— & sin (@'1)
V= voe""' cos (@'t) [.bis very small] ‘ ...(5)
. Eq. (1) can be written as
2
E= —;— mvl e - ¢ sin® (w’r) [using Egs. (3) and (4)]
or, E:lmvo e cos? @'t ++ mv? ( ) e?sin 0t [ k=mar)
2 2 o’
2
or, E=l mv? e [cos2 o't + ﬂ; : sinzw’t]
- TR 2 o'~
In case of low damping
o’ =V’ - b* = @=natural angular frequency
E= % mv? e [cos® @'t + sin® @'t
or, - E= % mv? e
Initially, atr=0, E = % mv? = E, (say)
E=E,e™ | ' -++(6)

i.e., in case of small damping, the energy decays exponentlally as given by Eq. (6).

Example 2.6 I In damped harmonic motion, calculate the time in which the energy of the system falls to

e~ times of its initial value. | [WBUT 2007).
Sol.  The energy at time ¢ in damping motion is given by
E@) =E, e
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Let E;be the energy at time tr when E}IE} = % where E; = Ea.

E_ w1
E; "~ e
or, e-zb'! . e—l
2bt;=1
1
=— .1
=% ¢
Here, b is the damping constant. So, if value of b is given then value of time 1r can be numerically

calculated.

Example 2-73 Write down the differential equation of a series LCR circuit driven by a sinusoidal voltage.
Identity the natural frequency of this circuit. Find out the condition that this circuit will show an oscillatory
decay and find out the relaxation time. [WBUT 2007].

Sol. Refer to subsection 2.5.2 for the first part.
The natural frequency of the circuit is given by
1

= ﬁ =2rnv
where @ is the angular frequency and v is the frequency.
_ 1
" 2mlLC
The damping constant b is given by
R R
2b = E = b= '2—L

The condition for the circuit to be oscillatory damping is that & must be small. So the circuit should
have low resistance or high inductance.

The relaxation time 7, is given by

(Example 2-8| The damped frequency of vibration of a body is 200 Hz. The amplitude of vibration

becomes % of the initial amplitude after 1 second. Calculate the frequency of free vibration.

Sol. For vibration to occur, the damping frequency must be low.
.. the amplitude at any time ¢ is given by
Al =A™
And the amplitude after 1 second is
At +1)=A, tt+D
.. according to the given condition,

A(t+1) =%A(r)

1) _ 1 —bt
A+ = A, e

or, <
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—b(t+ 1) —br—1

or, e =g
or, bt+b=bt+ 1
b=1 [

For low damping, the displacement can be written as
y=A4, e (sin e - b%) 1 - §)

So, we can write
Vo -2 =27 x vy where v, is the frequency of damped oscillation.

or, Vo — b2 = 27 % 200

or, @ — b* = (400 )®
or, & = (@00 W2+ 1% [rb=1]
or, ® =1579201

<. the frequency of free vibration is given by

_o {1579201
27: _—271: 200 Hz

Example 2-9,] In a series LCR circuit driven by a dc source of emf, the values of L=1mH, C =5 uF and
R =0.5 ohm. Calculate the frequency, the relaxation time and Q-factor of the circuit.

Sol.  The angular frequency @’ of the driven oscillator is given by

’ 1 R \3
-y (EE 41.2)
where L=1mH=10"H,
C=5pF=5x10°F
and R =0.5 ohm
Putting the above-mentioned values in the expression for @’, we get
it _ [ 1 0.5)° ]5
103 x5x10° 4% 107
® =1414x10%rad s
Again, @’ =2 v’ where V' is the frequency.

’ 4
y =@ L4107 ons s 10t by

2r 2n
Now, the relaxation time 7, is given by
_1_2L _ 3
‘r,.-b_ R =4x10"s
and the quality factor Q is given by
.f w’ IL
¢= E RL™ R
_1.414x10*x 10 _ 1.414 x 100
on 9= 0.5 T s
Q=283
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Example 2'1?] A mechanical oscillator has initial energy E, = 50 J having a dampmg coefficientb=1s

Calculate the time required to decrease to E, = EJe.

Sol.  If E, and E, be the energies of the oscillator at r = 0 and ¢ = f respectively then,
E=E e
or, E — e-2b:
E,
But according to the condition given,
E=Eje o=l
E, €
e—-zbr = e—l
or, 2bt =1
or, 2x1xr=1 [sb=1s1
or, t=05s
- it will take 0.5 second for the energy to decrease to E_Je.
' Review Exercises | *
Part 1: Multiple Choice Questions

1.

@ is the natural frequency of an oscillator and & is the damping factor (b = B/(2/m)) where B = force
per unit velocity, the quality factor of the oscillator is given by

(@) wib (b) a(2b) (22 @ 4
Relaxation time is the time in which the amplitude A; of the damped oscillator falls to
A; A; A, .
@ = (b) (©) - | (d) Aie
The qualily factor of a series LCR circuit is
RL -
() - \]_ ©) V= d) VRLC
(@) = - (d) VRLC

The relaxation time is defined as the time during which the amplitude of a damped oscillator

(a) grows to e times the initial value
(b) decays to 1/e times the initial value
(c) growsto €* times the initial value
(d) decays to 1/¢” times the initial value
Which of the following relation is true for logarithmic decrement?

(@) A=b*T (b) ANBT (c) A=bT d) A=bT
The quality factor of an electrical oscillator is
wR LR Lw - L
i b) == L@ L
@ — ®) 5 : (©) R (d) .
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7. For a small value of the damping constant, the quality factor

(a) decreases  (b) remains constant (c) increases  (d) none of these
8. Decay of the oscillations caused by frictional resistive forces is called
(a) rarefactions (b) forced vibration (c) damping (d) decay of oscillation

9. When the frequency of the driving force is equal to that of a driven vibrator, the phase difference
between the duo is

@ 0 ORI ©5 D=
10. Select the correct statement from the following:
(a) The higher the damping, the higher the quality factor.
(b) The lower the damping, the higher the quality factor.
(c) Damping is not related to quality factor.
(d) None of these. ° |
11. In case of critical damping, the motion of a system is :
' (a) oscillatory (b) vibratory (c) harmonic (d) non-oscillatory

12. If F, be the amplitude of the driving force and k be the restoring force per unit displacement then the
amplitude of the forced oscillator for @ =0 is

k F, . ,
(2) 7 ®) -~ (c) kF, @

. o
13. The sharpness of a velocity resonance curve is high if the damping constant

(a) b is medium (b) bis small (©) b— o< (d) none of these
14. The amplitude of a damped oscillator with a damping factor b varies as
- 2

(a) ¢ (b) & OXad (d) ebr
15. If 7, be the relaxation time and b be the damping constant then
@) 7.= % (b) 7= % (©) 7.=b - (d) 7,.b =constant

[Ans. 1(b), 2(c), 3(b), 4(b), 5(c), 6(c), 7(c), 8(c), %(a), 10 (b), 11(d), 12 (b), 13(a), 14(c), 15(b)]

Short Questions with Answers

1. What is the physical significance of the logarithmic decrement of a damped oscillatory
system? '
Ans. The logarithmic decrement in case of a damped oscillator gives the measure of the rate at which the
amplitude of oscillation decays. Since the logarithmic decrement is the damping factor multiplied by
time period, it gives a method of evaluation of the damping coefficient.

Define free vibration. Can a real vibrator vibrate completely freely. If not why?

Ans. A free vibrator is such a vibrator which keeps on vibrating with the same amplitude for an indefinite
time after it is set into vibration. The concept of a free vibrator is an ideal case. In reality, no vibrator
can vibrate for a long time with the same amplitude. Any real vibrator faces some resisting forces
due to which its amplitude of vibration keeps on decreasing slowly and it ceases to vibrate after some
time.

o
.
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3. What are the sources of damping force?
Ans. The various sources of damping are recorded below:
(i) The loss of energy by radiation of an oscillator
(i) The loss of energy by mechanical friction (i.e., viscosity, etc.)
(iii) The transfer of heat energy from a layer at higher temperature to a layer at lower temperature
(iv) The intermolecular exchange of energy
4. Define logarithmic decrement. And derive a relation for it.
Ans. Let A, and A, be the amplitudes of a damped oscillator respectively at time t=0and ¢ =1.
A, is given by
A=A, e

where b is the damping constant and is given by b = % where S is the damping force per unit veloc-

ity and m is the mass of the oscillator. If the oscillator starts from its mean position, then at ¢ = 7/4
(i.e., one fourth of its time period) it goes to its maximum displacement. Let this displacement be
denoted by A,. Then we have

SBT
AI =Aae 4
The oscillator goes to its maximum displacement (A,) on the same side after a time (T+ %:) where
T
A=A, A7)
Similarly, the successive amplitudes Ay, A,, ... A,, on the same side are given by
' T
A=A, e—b(znz)
T
A=A, ~+d)
A,, =Ao e—b(nTlx T+—)
A A4y A
Ay Ay Ay Ay

= ' = d (say)
d being a constant
This constant d is known as decrement.

n (221 2y
or, n A" =
A;
or, In ( ) =bT = A (say)
Ai+l

The constant A is called logarithmic decrement.

So, A can be defined as the natural logarithm of the ratio of a

: tu ny amplitude to the next amplitude on
the same side of the mean position of a damped oscillation se

parated by one full time period.
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5. What is critical damping? . |
Ans. Critical damping is a border line case. If the damping constant of such an oscillating system is
increased a bit, it will stop oscillating and if the damping constant is decreased a bit, it will start
oscillating. In its critical damping stage, the system neither behaves as an oscillator nor as a non-
oscillator. And in case of critical damping the amplitude dies very quickly to zero.
6. Distinguish between free and damped oscillation.
Ans.

Free oscillation Damped oscillation

(1) It persists indefinitely without loss of energy. (i) It cannot persist for long time and the energy
‘ decreases gradually.
(ii) Itisan ideal case; usually it is not seen in nature. (i) It is a real case. It is very frequently seen.

(iii) Once started it continues for ever with same (iii) Its amplitude and frequency dies with time.
amplitude and frequency.

(iv) . It is a conservative system in which the energy (iv) Itis a non-conservative system so its energy is
is conserved. _not conserved. _— .
(V) Example: Oscillation of a simple pendulum in (v) Example: Oscillation of a simple pendulum in
absolute vacuum o air. '
Part 2: Descriptive Questions

1. What is meant by damping? Show that for small damping, the average fractional loss of energy of

a particle executing damped simple harmonic motion in one cycle is four times of the logarithmic
decrement.

2. What are the conditions for overdamped, critically damped and underdamped motions? Write the
displacement—time relationship in each case.

3. Write down the differential equation for a damped oscillations of a system from the energy principle.
Solve this differential equation.

4. What are the similarities and dissimilarities of critically damped and overdamped motion? Show that
the ratio of the successive amplitudes of damped oscillatory motion is constant.

5. Define the following terms in connection with the damped simple harmonic motion of a particle:
(a) decay constant, (b) logarithmic decrement, and (c) quality factor.

6. (a) What is meant by critical damping? [WBUT 2004]

(b) Establish the differential equation of a damped harmonic motion and explain the different terms
in the expression of the equation.

7. (a) Prove that the vertical motion of a loaded spring immersed in water is damped simple harmonic
and hence find out an expression for the time period of its oscillation if it is underdamped.

8. Write down the differential equation of an LCR circuit. Make a comparison between mechanical
parameters and electrical parameters in relation to vibration.

Part 3: Numerical Problems

1. A mass of 1 kg is suspended from a spring with a stiffness constant of 24 Nm™. If the undamped

frequency is 2 times the damped frequency, calculate the damping factor.

V3
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2.

A damped vibrating system, starting from rest, reaches a first amplitude of 500 mm which reduces to
50 mm in that direction after 100 oscillations, each of period 2.3 seconds. Find the damping constant
and correction for the first displacement for damping.

A simple pendulum has a period of 1 second and an amplitude of 10 mm. After 10 complete oscil-
lations, its amplitude is reduced to 5 mm. What is the relaxation time of the pendulum and quality
factor?

The motion of a particle of mass m = 0.1 kg, subjected to a restoring force of 0.1 Nm™, is critically
damped. While at rest, its motion is started by an initial velocity of 0.5 m s™. Find the maximum
displacement of the particle.

A body of 10 g mass executes one-dimensional motion. It is acted upon by a restoring force per unit
displacement of 10 dyne/cm and a restoring force per unit velocity of 2 dyne/(cms™). Find the value
of the resisting force which will make the motion critically damping. Also, find the value of mass for
which the given forces will make the motion critically damping.

The motion of an oscillatory system of 100 g mass, subjected to a restoring force of 100 dyne/cm, is
critically damped. When it remains at rest, its motion is started by an initial velocity of 50 cm/s. Find
the maximum displacement of the oscillator. '

A vibrating system of 1g mass is displaced from its mean position of rest and released. If it is acted
upon by a restoring force of 5 dyne/cm and a damping force of 1 dyne/(cm s, check if the motion is
a periodic or oscillatory. If the initial displacement of the system is 5 cm, what would be the displace-
ment after a time duration of 5 seconds?
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Forced Vibrations

13.1. INTRODUCTION

When a vibrating system is acted upon by an external periodic force, it is assumed to be in a state of forced
vibrations (or forced oscillations). Initially, the body tends to vibrate with its own natural frequency, while
the applied force tries to make the body vibrate with the frequency of itself (i.e., the frequency of the periodic
force). The natural vibration of the forced body dies away quickly due to the influence of the applied force

and ultimately it vibrates with a frequency which is same as that of the applied force Such vibrations are
known as forced vibrations.

Examples of forced vibrations are (i) v1brat|on of the couple of a tumng fork and a table, and (ii) the
coupled vibrations of soldiers and a bridge when they (the soldiers) march on the bridge.

When the tuning fork forces the table to vibrate in the fork’s own natural frequency, the table vibrates with
small amplitude. But if both the natural frequencies are equal to each other, the table vibrates with a large
amplitude. This phenomenon is called resonance. The vibration of the tuning fork continues for a longer
time if it is not put in contact with the table, whereas if it is held upon the table, the vibration dies out quickly.

The energy of the tuning fork is drained very quickly to set the table as well as the larger volume of the air in
contact of it to vibrate.

If the forced system cannot modify (by its reaction) the forcing system (i.e., the energy of the forcing sys-
tem remains unchanged) then the vibration is called forced vibration. And if the mass of the forcing system
is very large (as compared to that of the forced system) then only forced v1brauon 1S possible.

On the other hand, when the forcing system is modified by the forced system it becomes a coupled system
and the oscillation is called coupled oscillation.

| 3.2 | SYMPATHETIC VIBRATION OR RESONANCE

If the frequencies of the forcing and the forced systems become equal then these systems vibrate

with a large amplitude of vibration. The aforesaid phenomenon is called resonance or sympathetic
wbratmn

Le‘t us try to understand the forced vibration with the help of an example, given as follows:
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3.2.1 Barton’s Experiment of Forced Vibration

Barton’s experimental set-up has been shown in Fig. 3.1. A thick and several feet long cord AB has been
stretched between two rigid supports at A and B, but not stretched too much tightly. Six pendulums of dif-
ferent lengths are hanging from it. The pendulums CD and EF —A4 E B
have the same length. CD has a heavy brass bob while the other o

bobs, including EF, consist of light small paper cones so that
these pendulums are heavily damped when they vibrate. As
the lengths of CD and EF are equal and they are intermediate
between the lengths of the shortest and the longest of the light
pendulums, whenever the heavy pendulum CD is set into vibra-
tion, its motion is communicated through the thick cord and the ~ Fig. 3.1 Barton’s experiment of forced

other pendulums vibrate with the same f; requency as that of the ViDvaHGE

pendulum CD. But as they are of different lengths (excluding EF) and hence of different natural frequencies,
they show different amplitudes of vibration. Initially, the amplitude of EF is equal to that of CD, but after
some time it becomes small as compared to that of CD as it is highly damped. The pendulum EF picks up the
vibration immediately. Now brass rings are slipped on to each of the paper cones for making them heavier.
As their masses considerably increase while the resistive forces remain unaltered, the damping factor will be

much reduced. This time initial natural vibration will last for a longer time to reach the steady-state vibration
and also the resonance effect will be much pronounced.

F
yAN D

_3.3 . ANALYSIS OF FORCED VIBRATION

—_—

Let us represent the external simple harmonic force acting on a particle of mass m by F cos 't where F is its
magnitude and " is its angular velocity. Let y be the displacement of the particle executing damping oscil-

latory motion. Let us assume that at £ = 0 it is at rest at the mean position. The forces acting on the particle
are

(1) The restoring or restitution force F, where F, o< y

: . O dy

(if) The retarding or resistive force F,,, o< rTI
d*y
(i) The internal force F; where F; = m pr]
ar

(iv) The external periodic force F,=Fcos w't
So the equation of motion of the particle is given by

dz
m—y=FP-F,.—F,eS
dr
or, mj-=Fcosa)’t-—ky—k'ﬁ
’ dr* dr
dy wdv k F A
or, ?+Hz+my=mcoswt
7}’ dy
or, — iyt 2b5+ w’y =fcos @'t .(3.0)
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K o _k F = |
where 2b=-r—n-' :Handf=.ﬁ | ) N 1.

In the steady-state condition, the system will osc:]late with the same frequency as that of the external
periodic force F cos wt. | £ B g eitert ol airwe sl ; 1

Hence, from the physical point of view, let us consider the soluuon of Eq. 3.1) to be of the followmg
form: Ve i 1 lazib 10t po.doe 901 9o .

y=Acos(w't-a) Wi | pug ™ an ..(3.2)

Equation (3.2) represents an SHM of amplitude A and frequency v = -2— Cidnd phase ]aggmg behind that of

the forcing system by an angle c. _
Now, dlfferenluatmg Eq. (3.2) with respect to 1, we get,

B A sin (ot )
prdei @" sin (@'t — o)
' Dxﬁ’erennatmg again with respect to ¢, we get,
dzy |

— =—Aw" cos (0't - 0)
r )

2y d dy .. ;
Now, substituting the values of F); and —f in Eq. (3.1), we obtain,

—~A®? cos (01— @) -2 b Aw’ sin (@'t — ) + &* A cos (0"t - @) = fcos (&'F)
or,- Aw”? cos(mr-—a) 2bAw’ sm(mt—a)+w Acos(cor-a) fcos(cor—a+a)
-Aw”? cos(cor—a) 2bAw’ sm(mr—a)+w*Acos(cot—a) - .
—-fcos(a)t—a)coqa fsm(cot—a)smoc

As this equauon is true for all values of t the cocfﬁdenls of cos (@'t — @) and that of sin (w’t— @) on both
sides must be separately equal.

Hence, we can write,
~Aw™? + 0®A =fcos o

or, th b feos o =A (0 - 0" 01 2tho ' | by 21l +(3.3)
and -2bAw’ =—fsina !
or, fsina=2bAw’ ' ' ‘l ..(3.4)

Now, squaring and adding Eqgs. (3.3) and (3.4), we get,
f

or, A=

V(@ - 0 + 40" 4108
Again dividing Eq. (3.4) by Eq. (3.3) we get,
tana=—2—bm—,— U DRUE ALl  arterd . S (3.6)
- o”? ‘
Now, cbnsidering Egs. (3.2), (3.5) and (3.6), we get, the solutibn of qu (3.1) in the following form:
y= / cos (@'t — @) -(3.7)

.J(a)l_ w12)2+4b2w12
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where a=tan‘1( 2bw )

The aforeshown solution of Eq. (3.1) given by Eq. (3.7) is for the steady-state condition. But at the start-
ing, as the force sets the particle into vibration, the particle will keep on vibrating with its natural frequency
along with the frequency of the forcing system. So the applied sinusoidal force will be acting as damping
force and hence the solution for displacement will be given by

y =pe™ cos [(\Jcoz—bz) t—9} oo - (3.8)
where p and 6 are constants [vide Eq. (2.8) of damping vibration in Chapter 2].
So, the complete solution at the starting is given by,

y=pe™ cos [(\Ja)z—bz)t—ﬂ} + f cos[cu’t-—tan'] (__Z_b_a_)_i)} b %0((3.9)
(& - 0™ + 4b* 0™} o -’
Thus, as seen above in Eq. (3.9), the solution is made up of two components.
(a) The first component (term) of the solution represents a free vibration with natural frequency setup in
a damped system created by the influencing force which has been applied externally. The amplitude
is decaying exponentially at a rate which is determined by the damping factor b.

(b) The second component (term) represents a simple harmonic motion of a constant amplitude having

the same period T = 2—75 as the applied periodic force and lagging behind the forcing system by a
w

phase angle of o
Following the lapse of sufficient time, when the steady state is reached, the first damping term of the solu-
tion reduces to zero. If the damping factor is very small, then the natural vibration of the system will persist

for a longer period of time since ¢~ will fall very slowly. It is only the large damping which prevents the first
term from persisting indefinitely.

' 3.4 | ENERGY OF FORCED VIBRATIONS: ENERGY RESONANCE

e ———

In the steady state under the influence of a periodic force, the motion of a particle is obtained in Egs. (3.2)
as given below:

y=Acos(®w’t—0a) by..(3.2)

where A= J: = )
Vo - 0% + 4b*w”
and o =tan” (—31&3) '
- .
d
So, %=—Aw’ sin (0t — @)
Hence, the kinetic energy of the forced system at any instant is given by,
____1_. dy)2 _ 1 2,.02 2 2 ’
, _Zm(a’t —ZmAw" sin” (@'t — o)
1 me”*f?

or, sin® (@'t - &) ..(3.10)

T2 (0P — 0 + 4"
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Since, the motion of the particle is steady SHM, the total energy of the system at any instant is equal to the
maximum Kinetic energy T,,,,,. '
o 1 m”*f
total = =5 10 el
ot max 2 (a)z_wlz)2+4b2a)lz . g - B

\

1 mf

or, Ega ==

2 2

(i,— w') +4b?
w

1 mf’

or, Elmal ='i o o\ 5
(=)~ |
1 mf | |
or, E[o[al - E Azmz + 4b2 ' o » i .-.((3-1 l)
where A= @ __co_’
w o

If @ = @’, then A = 0, and the energy of the system is maximum for a given (i.e., particular) value of
b. Thus we observe that when the frequency of the forcing system coincides with that of the natural
frequency of the forced system, the energy of vibration of the forced system is maximum. This phe-
nomenon is known as energy resonance or velocity resonance or simply resonance. And the energy at
resonance, E,, is given by,

m
L3 i (3.12)
‘ 2 @bh ,
Now, from Eq. (3.11) it is clear that the decrease in the energy due to mistuning between the two frequen-

E, =E

max —

! (0] - ). ! , . - : AFOT ;
cies v= (ﬁ) and v’ = (2_71:) is same for a given ratio (v: v’) of the frequencies and it is independent of their

sign.

1 3.5 . SHARPNESS OF RESONANCE

Since the frequency of the influencing applied periodic
force differs from the natural frequency of the forced
system, the response of the forced system diminishes.
The energy of response of the forced system falls off
rapidly for slight deviation from the resonance. The
E,. versus A graph has been plotted in Fig. 3.2. The
graph shows that for slight variation of @’ from w, the
total energy gets reduced rapidly.

The sharpness of the resonance curve is a measure

b-small
/

b-medium

b-large

of the rate of fall of energy of resonance with depar- .
ture from equality between the frequencies. From Eqgs. >0 A=0 0>
(3.11) and (3.12), we obtain, ‘ | Fig. 3.2 The energy resonance curve sharpness of
Epox  A2a? + 452 A2 E versus A graph changes rapidly for small change
= =1+ .(3.13) in the damping factor b.

E ol 4p* 4p?

Scanned by CamScanner



36 | — .Basic Enginecring Physics

.| Now, dropping the suffix of E,,,,, we get,

E 2
mux _ Al . (3.14)
CE 4b*
The rate of decrease of total energy E with respect to A is greater, the smaller the value of b. The sharp-

ness of resonance can be quantitatively defined as the reciprocal of A when £ reduces to half of its resonance
value.

Let us assume that A = A, for which E = % E| .x- Then from Eq. (3.14) we get,
@ A?
2=1+
4p?
or, 4b* = Alo? =>Al=:t%§

So, the sharpness of resonance (S) is given by,

S =AL=_2(% ..(3.15)

1

The sharp resonance is important in connection with a radio receiver.

1 3.6 | AMPLITUDE RESONANCE

In case of forced vibration the amplitude is given by,

2
f 2 f
A= =A"= 2,2 2 .2
V& — 027 + 4™ (@ - 0 + 4b*w
A will be maximum when the denominator becomes minimum. For a given system, b and w are constants.
And for the denominator to be minimum, we must have the first derivative of it with respect to @’ to be equal

to zero, i.e.,

..(3.16)

4 (-0 +4b* ©?) =0
dow
)
- d’(a;z_a)’z)2+4b2d—m_=
dow do’
or, 40" (& -0 +8w’'b? =0
or, — 4o’ {(* - 0?)-2b*} =0
or, a)2_wf2_2b2=0
o m;z — (U2 _ 2b2
or, o’ =N’ - 2b*
6. 21v' =N -2 [’ =27v'] BT
, Vet —2b°

or, VE—"F .-.(3.18)

2
i T

Thus, for the amplitude to be maximum, the frequency must be >
: T
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This is called amplitude resonance. This frequency is neither equal to the natural frequency of the sys-

V(P - b?

[0} E, ey s

tem ( = —2—];) nor equal to the frequency of the damped vibrator | v, = o7

But it is slightly lower than v,

The maximum amplitude at resonance is given by,

A=A J [by Egs. (3.17) and (3.18)]
\I(wz (0 - 2b%)® + 4b* (o — 2b%)
or, A = f = !
V@b' + 40267 — 86" 2P - b

or, A= T -5t (3.19)

20 V0% + b2,
= o’ - 2b%]

Hence the maximum amplitude is the greater, the lower is the value of the damping factor b The sharpness
is greater if the damping factor b is smaller.

3.7, THE QUALITY FACTOR

If the driving force F, » = F cos o't produces an infinitesimal displacement dy in time df, then the work done
or energy supplied by the driving force during the time dt is given by

dW =F, (1) dy
So, the power supplied is given by
=D, |
or, ‘ p(t) = - Fcos @'t. v
or, p(t)=—Fcos @’t. Aw’ sin (w’t — ©)
or, p(t) =—FA®' cos @'t sin (@'r—a) [.y=Acos(0't—a)]
o P, =<p(t)>=<-FA®' cos @'t sin (@'t - 0)>
or, P,, =—FAw’ <cos @'t (sin @'t cos ot — cos @’t sin @)>
or, P, =—FA®’ cos o< cos @t sin @'t >+ FA®' sin a < cos® @'t >
But, we know that
T’
<cos’@’t> =l, j cos® @'t dt
" o
7 {
or, <coszm’r>=i,_f co ( ) dt
T o
or, <cos® (@’ > =%

where T" = 2—”; = the time period of the steady-state oscillation.
@ 1)
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Similarly,

Basic Engineering Physics : S —

<cos (@’1) sin (@1) > = % <sin Qw't) >

Or,

or,

<cos (w’t) sin (@' >=

T
1 . 4m)
dt
2T OI s ( T’

<cos(@'Nsin(@)>=0

Hence, the average power supplied over one cycle is given by

P —lFAw’sin (04

av — 2
o P,= lp o’ sin(a) f ) [After the value of A is put]
2 (& — 0 + 4b*@™
< the maximum value of P_, occurs at the frequency @’ by satisfying the following conditions:
d @’ sin & l=0
do” | (@ — 0" + 4b%w ™ |
and d--: - <0 (- tan a=2b—m2 Ssina= 250
do” |(e? - 0P + 470" & - W& - 07 + 40
- d ( 2bw” )
LE., ’ p. 7.2 2 2 = 0
do’ \(«' - 0% + 4b’e”
R A
do' \(o" - o) +4b w’*

It is easy to see that these conditions are satisfied for @ = @”. In other words, the maximum vaiue of P,,

(1.e., P.,) occurs at resonance.

1 1 _1F 1
> P =5 F- S 5= 2w 2%
FI’.
on Prnax = 4mb
p=l, F 2bw”
' T2 (P 0+ 4bR 07
p _F% _ "
o YUMo + 4P’
FZ 2 0)’2
P, = ab*,
OI’, av 4!?‘.'b (a}?' _ w’2)2 + 4b2w ,2
2,.7.2
or, P, =P_., A a

(@ — 0% + 4b2 0"

Figure 3.3 depicts the variation of P,, as a function of «".

--(3.20)

..(3.21)
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Por b=t aagaren? AL Width of power
resonance curve at
half maximum
power = Aw = 2b

— A —>

Fig. 3.3 ' Variation 'of power P,, (at power resonance) as a functmn of angu]ar frequency (@) of the
driving force.

The values of ®” at which P, is half of its maximum value are called half power points.
From Eq. (3.21) the half power points are the values of @’ satisfying the equation given below:

Pav — _1_ _ 4b2(!) 2
Poox 2 (a - 0™ + 4b%a?
or, 0?=w?+2bo’

These are two quadratic equations in @’ namely,
©?+2bw’ —a? =0
and w?-2bw’' - =0

Each of these two equations has one positive root and one negative root. Since the angular frequency @’
cannot be negative, we retain only the positive roots, which are

1
®, =— b+ (a + b?)?
1
and W, =+ b+ (& + b)?
The frequency interval between the two half-power points is given by,
Aw=w,— w,=2b
The frequency interval Aw between the two half-power—pomts is called full frequency with at half-
maximum power or simply bandwidth.
The sharpness of resonance can also be measured in terms of quality factor, or Q-factor, which is defined
as follows:

Q= Y @ = _A% =resonant frequency/bandwidth
o, :

_w_
or, Q—zb

where S is the sharpness.
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o Worked-out Examples |+

Example 3-1; | The differential equations that represent the forced vibrations of one mechanical system and

one electrical system (electrical circuit) are given below respectively by Egs. (1) and (2):

dy . dy
m +k’ + Fe e’
= af =
and Lf_q Rﬁ’?_ q—V io'r
dr’ c

(1)

..(2)

where @’ is the angular frequency of the applied force, j = V—1 and &’ is resistive force per unit velocity. Make
a table of two columns by listing the analogous parameters of the two systems.

Sol. Table of analogues

Mechanical quantities

Electrical quantities

Force (F)

Displacement (y)

Velocity (v)

Mass (m)

Mechanical resistance (k")
Compliance (1/k)
Mechanical impedance (z,,)
Mechanical reactance (X,,)

Internal reactance (@’m)
Reactance of compliance (k’/@°)

Voltage (V)

Charge (g)

Current (i)

Inductance (L)

Resistance (R)

Capacitance (C)

Impedance (Z)

Reactance (X)

Inductive reactance (@w’L)
Capacitive reactance (1/@’C)

Example 3. ZJ Show that for a system of forced vibration, the total energy of vibrating system is not con-

stant and that, in such a case,
average potential energy « 7

average kinetic energy (72

where a) = nafurél aﬁgular frequency = \/”EI and @’ is the angular frequency of the external periodic force.

Sol. The displacement y of the particle of mass m in forced vibration, is given by
y =asin (@'t — )
and velocity v=Y=aw'cos (@'t — )
. the kinetic energy of the particle E, is given by,

E = % mv* = % m a*w™ cos® (0't — )

and the potential energy of the particle Ep is given by,

ky = ka sin (@'t — )
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or,

or,
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Sum of the kinetic and the potential energies Egis given by
Es = EA + EP

E = % ma*w™ cos? (w't - ¢) + % ka® sin’ (@’t -

Iz
o=

k
s == ma’w™ cos? (w't - ¢) + % mata® sin® (@'t - ) [ W= \(7;]

=

E == ma® [0” cos® ('t - §) + & sin® (&'t — )]

2
Hence, E; #constant .[- w# @)
T 1 7 1
Now, E,=(Ep,, = o) ma* e’ )
, 1
[ over a full cycle, the average value of cos® (@'t — ¢) is 5]
So, E, =%ma2m'2 . = e
Similarly, ~ E, = % ma*e? . (2)

[ over a full cycle, the average value of sin® (w’t — @) is —;—]

Hence, the ratio of E, to E, (demoted by R,) is given by

= lnvtaza):" 9
R.=_P_ 4 _w

Pk_E' 1 2 2 2
k Zma"m" @

Hence proved.

Example 3-3! Find an expression for the fractional change in natural frequency of a dampéd (simple)

harmonic oscillator in terms of the quality factor Q.

Sol.

where

and

Or,

or,

Let @’ and @ be the angular frequencies of the damped and the undam

ped oscillator respectively.
Then, we have, |

o’ =Vat - b?

_K
2m

b

k" = resistive force per unit velocity

(]

K2 )L
0 =wll- 2
( 4m? at

2

4m?

Now, if k”is small then is also very small.
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So, by using binomial expression and neglecting higher terms we can write,

2
w’:cu(l— k )

8 m2 e
_al_'__:l_ k:z
@ 8 m*a’
or, l—-g)—:= k’;
8 m*a’
or w-o’ __k?
, @ 8 m*a®
- Ao __k*
' @ 8 mta
Aw 1 (k)2 1 2 K
or, —= — ] =— (2b) [ =2b]
o So_1 (2 1 I
d o g \w/ g (2)2
2b
Aw 1 e @
- CrY;E ['Q‘zb

- fractional change in natural frequency (f.) is given by

C‘

Q

Example 3. 4| A voltage having root mean square value V,_ = 100 volts is applied to a series resonant

c1rcu1t with resistance R = 10 ohms, inductance L = 10 mH and capacitance C = 1uF, Calculate the natural
frequency and current at resonance in the circuit.

Sol. From the table of analogues of Example 3.1, we can write the following table of analogues:

Mechanical quality Electrical quality
Mass (m) Inductance (L)
Compliance (1/k)

Capacitance (C)

Mechanical resistance (k") Resistance (R)

In case of a mechanical system, the natural frequency is given by

_ o _ \l_ ’
275 27!.' 271: m l/I\

<. in case of the electrical circuit the natural frequency is given by

_L.'ﬁ_l_
L= LC
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Or, Ve 1 ' ’ . (51
2%3.14xV10x 10 x 1 x 107
or, v=1592 Hz
The current at resonance is given by
1% N2V
T = l;ax = R = " Vinax = V2 Vimsl
or, L= ﬁ;c_oloo =14.14 A

Example 3-5;] An object of mass i = 1 g hangs from a spring of spring constant k = 10° dyne cm™. A
resistive force kv acts on it where v is the velocity in cm s~} and k¥ = 10% g s~!. If the object be subjected to

a driving force, F = F,, cos @'t with F, =2 x 10° dyne and ’ = 5000 rad s™', then calculate the amplitude of
oscillation and phase, relative to the applied resistive force, in the steady state.

Sol. The spring constant k = 10* = dyne cm™, mass m = Ig
-~. natural angular frequency of the object is given by

a k_"lOG_ -
co—’J;— I—D—IOOOrads

.. the force acting per unit mass is given by

F 6
_Tp_2x10° _ 6 -1
fo=7p= T =2x10°dyne g
_ K _ 10t 3 -1
and _2m_2><1_5><1OS
. in the steady state, the amplitude of oscillation is given by,
fa t Jp n 2108
Va2 a2 + (@ — 0P V4 x 25 x 106 x 25 x 10° + (25 x 10° — 10%)>.
or A= 2 x10° __2x10°
’ V25 x 10% +576 x 102 10’ x25+5776
2x 10! P
or, A= =3.606 x 10™“cm
V30.76
If o be the phase by which the oscillations of the driven system lag behind the force then
2w’ _2x5x10°x5x10°
tana=——— = = =
o -w 25x10°-1.0x10
6
or, tan ¢ = -SO—XIO—6 =2 o tan™! 64.35°
24x10% 12
o =64.35°

Example 3.6 | Compare the phase of the driven system with respect to that of the driving force.
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Sol.  From Eq. (3.6),we have,

_2bdf i (1)
(& - ™) .

Let us now observe the variation of the phase « of the driven system (i.e., phase lag) with respect to

the angular frequency @’ of the applied external force. Let us vary @” from zero to infinity, in a few
steps, and observe the impact on the phase c.

(i) If we put ®’ = 0 in the equation, we get, tan o= 0 which implies &= 0.
Thus, there is no plase difference between the driving force and the driven system.
(i) When o’ < o, from Eq. (1), we get, tan o> 0.

tan @ =

Thus, the phase difference o has a value which lies between 0 and g
© (i) If we put @’ = win Eq. (1), we get, tan & = oo, This implies &= g

- - x
Thus, at resonance, the driven system lags behind the driving force by an angle of =

2
(iv) When @"> @, we can observe from Egq. (1), we get, tan @< 0.

Thus, the phase difference o has a value which lies between %r and 7 and ¢ lies in the second

quadrant.
(v) When @’ —, o we can observe from Eq. (1) that tan & — 0.
Thus when @’ =oo, x=7 '
Now, from the above discussion, we find that for all values of @’, the phase difference ¢ lies between

. T . , b1
0 and 7 and it becomes equal to 0 at resonance, i.e., when @' = @, = 2

[Example 3.7 ] Show that at the resonance frequency, the rate of change of phase angle (with respect to

’

&

Lm and k" is damping force

natural frequency of the driven system) is inversely proportional to b where b =

per unit velocity of the driven system. And m is the mass of the system.
Sol. From Equation (3.6), we get,

tan o = La)’._. . (1)
(aﬁ _ a)'z) e
or, o =tan”! (—?)L,)
w -
lor da _ -4bo’ @ 5
When @’ = @, resonance takes place.
.. at resonance, do_ 1
do b
or, - da

~_1 .
4 =% where w=27xv
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or. da_ 2z
' dv b
de 1
dv b
Hence, the rate of change of phase angle with respect to frequency (V) of the driven system is inversely
proportional to b.
—i{ Review Exercises ||
Part 1: Multiple Choice Questions

1. Which is the case of a forced vibration?

(a) Vibrations produced in the string of a piano

(b) Vibrations produced in a telephone transmitter during conversation
(c) Sound produced in an organ pipe

(d) None of these

. Two vibrating systems are said to be in resonance if

(a) their amplitudes are equal (b) their frequencies are equal
(c) they are in same phase (d) none of these
. The resonant frequency of an electrical oscillator is given by '
- 1
v=2n~LC b) v=
® ‘ » ® V= eic
(c) v= 2r (d) none of these

NLC

. A damped harmonic oscillator of frequency @ is acted upon by an external force F = F, sin cwt. If the

natural frequency of free oscillations be ,, the frequency of oscillations of the forced oscillations is
in steady state will be

0+ @,
() o, (b) -, (c) @ @ —
. For small value of damping constant, the resonance is
(a) flat (b) sharp (c) remains same (d) none of these

. In a forced oscillator at very low and high frequencies the value of which of the following variables

tends to zero.
(a) Phase ' (b) Charge (c) Driving emf (d) None of these

. What is the phase difference between the driving force and the velocity of the forced oscillator?

@ ¢ ®) Z+¢ @9+ @ ¢+

. For a large value of the damping constant, the resonance is

(a) sharp _ (b) flat (c) remains same (d) none of these
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9. Which of the following is the phase (¢) relationship between the displacement y of the forced oscil-
lator and the applied force F? '
(a) ylags behind F by ¢ (b) yleads Fby ¢
(c) ylags behind F by /2 (d) yleads F by 7/2
. dy .d e b
10. Considering the equation of the forced vibrations as m d_; +k % +ky=F,sin o't
which one of the following statements is correct?
(a) k’is aresistive force per unit velocity
(b) K’ is the stiffness factor
(c) K is the angular frequency of the applied external force
(d) None of these
11. The maximum amplitude in forced vibration is given by
f
() —L— ) ———
Vo + b? 2 Vo + b
© —L O —
26 Vo? - b2 2b (0"~ b)
12. When the frequency (@) of the applied force and the natural frequency of vibration (@) are equal,
the value of maximum amplitude is given by
S f f
b) — — d) none of these
() T (b) T © 75 (d) o
13. In amplitude resonance, the frequency of the applied external force is given by
, Vot - b? NP -2a?
(a) v = T (b) v e
(c) v = —wzz;i (d) none of these
14. In amplitude resonance, the relation between natural frequency of forced system (@) and the fre-
quency of the applied force (@") is given by
@) o =V + 262 (b) ' = VP — 267
() w'= Vot - b (d) none of these
15. The relation between the sharpness (S) and the quality factor (Q) in case of forced vibration is given
by
- =1 =L
(a) g=2§ (b)Q—S (C)Q'zs d Qo=S§
[Ans. 1(b), 2(c), 3(b), 4(c), 5(b), 6(d), 7(a), 8(b), 9(a), 10(a), 11(b), 12(b), 13(c), 14(b), 15(d)]
Short Questions with Answers
1. What do you mean by forced vibration?
Ans.

By forced vibration we mean a phenomenon in which a body

strong external periodic force having a frequency different fr
itself.

is set into vibration with the help of a
om the natural frequency of the body
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Ans.

Ans.

Ans.

9.
Ans.

Forced Vibrations l 3.17

. Why is a large amplitude produced when frequency of the applied external periodic force is

equal to the natural f requency of the forced body?

If the frequency of the external periodic force applied is, equal to the natural frequency of the body,
then the external applied force increases the amplitude of vibration of the body as the external applied
force is always in phase with the velocity of vibration of the body. Each new 1mpul<e adds to the

effect of all the previous impulses because the successive impulses always amve in phase and the
resultant effect makes the amplitude of wbratlon large.

- What is meant by velocity resonance?
Ans.

In the case of forced vibration, at a certain frequency of the external driving force, the ampli-

tude of velocity of the forced vibrator becomes maximum. By velocity resonance we mean this
phenomenon.

. What is meant by amplitude resonance?
Ans.

In case of forced vibration, at a certain frequency of the driving force, the amplitude of the forced
vibrator becomes maximum. This is meant by amplitude resonance.

. Is the energy supplied by the driving force stored in the forced vibrator? Explam
Ans.

No, the energy supplied by the driving force is not stored in the forced vibrator. The energy in each
cycle of the vibrator gets lost due to damping offered by the medium in which it vibrates. The energy
which is supplied by the external periodic applied force is exactly equal to the aforesaid loss of the
energy. The externally supplied energy is used to maintain the vibrations of the forced vibrator. And
in the steady state, the amplitude and period of vibration of the vibrator are so adjusted that the power

supplied by the external periodic applied force is exactly equal to the energy dissipated against the
frictional forces offered by the medium.

- Why are soldiers usually ordered to break their steps when they march over a suspension

bridge?

While marching over a suspension bridge, the soldiers are prohibited to step in unison, because in
such a situation, the bridge will vibrate violently due to resonance and it will collapse. The resonance
will take place when the frequency of marching of the soldiers will be equal to the natural frequency
of the bridge.

State the physical significance of the quality factor (Q) of a forced vibrator.

The quality factor (Q) gives the measure of sharpness of the resonance. The higher the quality factor
(Q), the smaller is the bandwidh of resonance and accordingly the tuning will be sharper. This fact is
used to increase the selectivity of the radio sets. The sharpness of response of a circuit allows one to
reproduce the radio signals without any interference from the signals of frequencies which are close
to it. It also accounts for the amplification factor of the signal. And at displacement resonance, the
displacement at low frequencies is amplified by a factor of Q.

What is the difference between amplitude resonance and velocity resonance?

Both the amplitude resonance and velocity (or energy) resonance gives the indication that the driven
system is vibrating at its natural frequency and the frequency of the driver system. But in case of
amplitude resonance, one considers the maximum value of the amplitude while in the other case. one
considers the maximum value of the velocity of the vibrator (i.e., the driver system).

What is the Q-factor (quality factor) of a forced oscillator? [WBUT 2008]

It is such a factor which can give the exact idea regarding the sharpness of the resonance peak. It is
defined as follows:
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where @ is the natural angular frequency of the driven system. And @, and @, are the two values of
the angular frequency at which the power dissipation becomes half of its maximum value. @; ~ @, is
known as bandwidth. In short, the quality factor gives an idea regarding the quality or sharpness of
the resonance peak.
10. Show that at velocity resonance the velocity is in phase with the driving force [WBUT 2008]

Ans. In the steady state under the influence of a periodic applied force, the dxsplacemcnt of the vibrating

system is given by
y =Acos (@'t - a)

f

where A= and @ = tan™! ( 2bw’2).

V@ - 0) +4b* 0™ o -
And o being the phase difference between the applied force F and the displacement y, @ and @’ are
respectively the angular frequency of the vibrating system and that of the applied force.

The velocity of the vibrating system is given by

dy
» V=——=—A® sin (0't- o
ar ( )
’ T ’
or, V=Aw® cos(§+wt—a)
or, v=Aw’ cos (@'t + ¢)

where ¢ = ;_r — o. ¢ is the phase difference between the applied force and the velocity of the

vibrator.
At velocity resonance, the velocity of the vibrating system becomes maximum.

dy , ’
Vmax = | — =[A@’ cos (0t + §)] .
max

dt
or, Umax = [A®] 0 X [€OS (0”1 + $)] 1ax
or, Vnax = (A0 ] 0x
_ fo'
= il N
Jo' f
or, Umax = m = 'i—b"

Thus, we get the maximum value of v (i.e., v,,) only when @’ = @.

So, at velocity resonance, the phase difference between the applied periodic force and the velocity of
the vibrating system is given by

_r_ _T -1 2bw’
¢_2 * 2 tan (coz—co’z)
or, (0} =%r——tan 1 () [vo=w’]
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Or, ‘ ¢=§—-22—r=0

Hence, at velocity resonance, the velocity of the vibrating system and applied periodic force are in
phase.

Part 2: Descriptive Questions

1. What is the difference between forced oscillation and resonance? Explain what is meant by sharpness
of resonance.

2. What is resonance? Draw the graphs of displacement amplitude and velocity amplitude against the
frequency of the sinusoidal force driving a mechanical oscillator for different values of damping.

3. Derive an expression for the velocity of a forced oscillator. Discuss the variation of velocity ampli-
tude with driving force frequency and show its behaviour graphically.

4. Distinguish between amplitude resonance and velocity resonance. Show that at velocity resonance,

the maximum velocity is inversely proportional to damping and the velocity of the oscillator is in
phase with the periodic external force in the steady state.

5. Discuss the behaviour of displacement frequency versus driving force frequency in case of a forced
oscillator. Prove that the resultant frequency of the driving force is slightly less than the natural fre-
quency of the displacement.

6. What is the difference between natural vibration and forced vibration? An oscillator can have more
than one frequencies of forced vibration but it can have only one frequency of natural vibration.
Explain.

7. Distinguish between free and forced vibrations. Write down the equation of forced vibration and
solve it. Explain what is meant by Q-factor.

8. Establish the condition for amplitude resonance and explain the sharpness of amplitude resonance.

9. Draw the variation of velocity amplitude against the applied frequency @’ for different damping
constants. Prove that the maximum power intake by the oscillator is observed at velocity resonance.

10. Define sharpness of resonance. Find the energy dissipated per unit time per unit mass for forced
vibration.

Part 3: Numerical Problems

1. A body of 10 g mass is acted upon by a restoring force per unit displacement of 107 dyne/(cm s™)
and a driving force per unit velocity of 4 x 10> dyne/(cms ') and a driving force of 10°cos (0 dyne.
Find the value of maximum amplitude.

2. A particle of 0.01 kg mass is subjected to a restoring force of 0.5 Nm™', a damping force of 10~ kg s™!
and an external sinusoidal force of constant amplitude. Find the frequency of the driving force for
which there will be velocity resonance.

3. The forced harmonic oscillations have displacement amplitudes at frequencies @, =400 rad s™' and
@, = 600 rad s™'. Find the resonant frequency at which the displacement amplitude is maximum.

4. An object of 0.1 kg mass hangs from a spring of spring constant of 100 N